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Abstract: We study the partition function of the ABJ theory, which is the N = 6
superconformal Chern-Simons matter theory with gauge group U(N) × U(N + M) and
Chern-Simons levels (k,−k). We exactly compute the ABJ partition function on a three
sphere for various k, M and N via the Fermi gas approach. By using these exact data, we
show that the ABJ partition function is completely determined by the refined topological
string on local P1 × P1, including membrane instanton effects in the M-theory dual.
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1. Introduction
Progress in M-theory would hinge on deeper understanding of its non-perturbative effects.
A part of these effects appear as membrane instantons in M-theory [1]. During the last
couple of years, there has been remarkable progress in understanding the membrane instan-
ton effects. In [2], the authors have completely determined the non-perturbative structure
of the free energy of M-theory on AdS4 × S7/Zk based on many different previous results.
First of all, the M-theory on this background is expected to be dual to low-energy effective
theory of multiple M2-branes [3]. Meanwhile it turns out that the M2-brane theory is
described by an N = 6 supersymmetric Chern-Simons matter theory (CSM) with gauge
group U(N)k×U(N)−k commonly referred to as ABJM theory [4]. While M-theory region
(k ≪ N1/5) cannot be accessed by the ordinary perturbative technique in the ABJM the-
ory, the supersymmetry localization [5] reduces the partition function of the ABJM theory
on S3 to a matrix integral [6] called ABJM matrix model. This matrix model has been
extensively studied by many approaches [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 2, 20].
After the studies of the ’t Hooft expansion [8, 10, 11, 7] and the leading order in the
M-theory limit [9], there appeared a seminal work [13], which rewrites the ABJM matrix
model as an ideal Fermi gas system (see also [12, 21]). This Fermi gas approach enables
us to reveal structures of the partition function [15, 16, 17, 18, 19, 2, 20] and BPS Wilson
loops [22, 23, 24] in the ABJM theory, including non-perturbative effects expected from the
gravity side [25, 10, 1]. As a result, it turns out that the ABJM free energy is completely
determined by the refined topological string on the “diagonal” local P1× P1 whose Ka¨hler
parameters for two P1’s are equal [2].
In this paper we extend the above analysis to the so-called ABJ theory [26, 27], which
is the N = 6 CSM with more general gauge group U(N)k×U(N +M)−k. The ABJ theory
is the low-energy effective theory of N M2-branes on C4/Zk with M fractional M2-branes
at the singularity. From the AdS/CFT perspective, one expects that this theory is dual
to the M-theory on AdS4 × S7/Zk with a discrete torsion, and the type IIA superstring
theory on AdS4 ×CP3 with a nontrivial B-field holonomy. Furthermore the recent studies
[28, 29] indicate that this theory has also a relation to the N = 6 parity-violating Vasiliev
theory on AdS4 with a U(N) gauge symmetry, whenM,k ≫ 1 withM/k and N kept fixed.
Thus the ABJ theory is one of the most important supersymmetric gauge theories having
M/string/higher-spin theory dual. The aim of this paper is to determine non-perturbative
structure of free energy of the M-theory on AdS4×S7/Zk with the discrete torsion via the
supersymmetry localization, Fermi gas formalism, and refined topological string.
Let us briefly summarize our result1. Our starting point is a matrix integral represen-
tation for the ABJ partition on S3 obtained by the localization method [6, 31, 32]:
Z(N,N+M)(k) =
i−
1
2
(N2−(N+M)2)sign(k)
(N +M)!N !
∫ ∞
−∞
dN+Mµ
(2π)N+M
dNν
(2π)N
e−
ik
4π (
∑N+M
j=1 µ
2
j−
∑N
a=1 ν
2
a)
1Recently an apparently similar conclusion was obtained in [30] by a different approach. While the
values of the canonical partition function and finite part of grand potential presented in [30] are totally
consistent with our values, there is an important difference of physical interpretation between [30] and ours.
We will clarify an important difference between conclusions of [30] and our work in section 4.4.
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×
[∏
1≤j<l≤N+M 2 sinh
µj−µl
2
∏
1≤a<b≤N 2 sinh
νa−νb
2∏N+M
j=1
∏N
b=1 2 cosh
µj−νb
2
]2
, (1.1)
which we call the ABJ matrix model. After conjectured in [33], the article [34] has proven
that this matrix model has another equivalent representation suitable for a Fermi gas
approach as explained in the next section. The Fermi gas expression of the ABJ matrix
model is obtained by going to the grand canonical ensemble, i.e. by introducing the
chemical potential µ and summing over N , as usual in the statistical mechanics. Moreover
one can show that the computation of the grand canonical partition function boils down
to construct a series of functions, which can be solved recursively. Thus we can exactly
calculate the canonical partition function for various k, M , up to a fairly high N = Nmax.
Indeed we have obtained exact values of the partition function for (k,M,Nmax) = (2, 1, 65),
(3, 1, 31), (4, 1, 62), (4, 2, 29), (6, 1, 23), (6, 2, 21) and (6, 3, 22), which are partly listed in
appendix D. Then we compare these exact data with an expectation from the refined
topological string on local P1 × P1 with general Ka¨hler parameters, which is a natural
generalization of the ABJM case [2]. We will argue that the grand potential J
(M)
k (µ) of
the ABJ theory is completely determined by the refined topological string free energy,
J
(M)
k (µ) = Ftop(T
eff
1 , T
eff
2 ; gs) +
1
2πi
∂
∂gs
[
gsFNS
(
T eff1
gs
,
T eff2
gs
;
1
gs
)]
, (1.2)
where the parameter gs is related to the Chern-Simons level k as
gs =
2
k
, (1.3)
and T eff1,2 are the effective Ka¨hler parameters given by
T eff1 (µ) =
4µeff
k
+ 2πi
(
1
2
− M
k
)
, T eff2 (µ) =
4µeff
k
− 2πi
(
1
2
− M
k
)
, (1.4)
with the effective chemical potential µeff defined in (4.29). Here Ftop and FNS are the
free energies of the un-refined topological string and the refined topological string in the
Nekrasov-Shatashvili limit, respectively [35]. Although each individual terms in (1.2) have
apparent divergences for physical integer k, a careful treatment shows that these diver-
gences are actually canceled as in the ABJM case [19]. Then it remains a finite part, which
will be presented in (4.39) for even k and (4.40) for odd k, respectively. Given the grand
potential, we find that the ABJ partition function is written as the following sum of the
Airy functions,
Z(N,N+M)(k) = C−
1
3 eA+iθ(N,M,k)Z
(M)
CS (k)
∞∑
ℓ,m=0
gℓ,m
(
− ∂
∂N
)
Ai
[
C−
1
3
(
N −B + 2ℓ+ 4m
k
)]
, (1.5)
where gℓ,m is a polynomial explicitly determined by the grand potential J
(M)
k (µ), and C
and B are the coefficients appearing in the perturbative part of the grand potential,
C =
2
π2k
, B =
1
3k
− k
12
+
k
2
(
M
k
− 1
2
)2
. (1.6)
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The overall constants Z
(M)
CS (k), θ(N,M, k) and A will be given by (2.2), (2.3) and (4.4),
respectively. The indices (ℓ,m) label the number of D2-brane instantons and worldsheet
instantons from the type IIA string viewpoint, while these are lifted up to membrane
instantons wrapping two different three cycles in the M-theory. We will see that the large N
asymptotic behavior of (1.5) reproduces the results of the classical supergravity (SUGRA)
and the one-loop quantum SUGRA [36], and the correct weights of the instantons.
This paper is organized as follows. In section 2, we present the Fermi gas formalism of
the ABJ partition function on S3. In section 3, we compare the exact values of the partition
function with the results on the gravity side. In section 4, we describe our conjecture (1.2)
for the grand potential in terms of the refined topological string and perform a nontrivial
test of (1.2) by using the exact data. Section 5 is devoted to discussion.
2. ABJ theory as a Fermi Gas
In this section we will show that the partition function of the ABJ theory on S3 is described
by an ideal Fermi gas system as in the ABJM case [13]. This picture enables us to compute
the partition function exactly.
2.1 Rewriting canonical partition function
Let us consider the U(N)k × U(N +M)−k ABJ partition function on S3. We begin with
the ABJ matrix model (1.1) obtained by the localization method [6, 31, 32]. It is not so
obvious (except M = 0 corresponding to the ABJM case) whether this expression of the
ABJ partition function has an ideal Fermi gas description or not. However, it has been
proven [34], after conjectured in [33], that the partition function has another equivalent
representation, which is suitable for a Fermi gas approach. Although this representation
takes seemingly different forms between M ≤ |k|/2 and M > |k|/2, we will show below
that the ABJ partition function can be rewritten for2 all (k,M) as
Z(N,N+M)(k) = eiθ(N,M,k)Z
(M)
CS (k)Zˆ
(N,N+M)(k), (2.1)
where Z
(M)
CS (k) is the U(M) pure CS partition function on S
3 given by [39, 40, 41, 42]
Z
(M)
CS (k) = |k|−
M
2
M−1∏
s=1
(
2 sin
πs
|k|
)M−s
, (2.2)
and θ(N,M, k) is the phase of the partition function,
eiθ(N,M,k) = iNMe−
iπ
6k
M(M2−1). (2.3)
The quantity Zˆ(N,N+M)(k) mainly used below, is the absolute value of the partition function
divided by the pure CS contribution,
Zˆ(N,N+M)(k) =
∣∣∣∣∣Z(N,N+M)(k)Z(M)CS (k)
∣∣∣∣∣ . (2.4)
2For M > |k|, the ABJ partition function vanishes [33, 34] since Z
(M)
CS (k) = 0 for this case. This is
consistent with an expectation that spontaneously breaking of the supersymmetries occurs in this regime
[26, 37, 38]. Hence we consider the case for M ≤ |k| below.
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It turns out that Zˆ(N,N+M)(k) has a simple integral representation
Zˆ(N,N+M)(k) =
1
N !
∫ ∞
−∞
dNy
(4π|k|)N
∏
a<b
tanh2
ya − yb
2k
N∏
a=1
V (ya), (2.5)
with
V (x) =
1
e
x
2 + (−1)Me−x2
M−1
2∏
s=−M−1
2
tanh
x+ 2πis
2|k| . (2.6)
Here the product over s runs with the step ∆s = 1. By using the Cauchy identity
∏
1≤a<b≤N
tanh2
za − zb
2
=
∑
σ∈SN
(−1)σ
N∏
a=1
1
cosh
za−zσ(a)
2
,
we can rewrite the partition function as an ideal Fermi gas system,
Zˆ(N,N+M)(k) =
1
N !
∑
σ∈SN
(−1)σ
∫ ∞
−∞
dNy
(4πk)N
N∏
a=1
ρ(ya, yσ(a)), (2.7)
where the density matrix ρ(x, y) is given by
ρ(x, y) =
√
V (x)V (y)
cosh x−y2k
. (2.8)
In the rest of this section, we will prove that the ABJ partition function (1.1) can be
written as (2.1) for all k and M .
2.1.1 For M ≤ |k|/2
For M ≤ |k|/2, the previous study has shown [34] that the ABJ partition function (1.1) is
equivalent to
Z(N,N+M)(k) =
1
N !
eiθ(N,M,k)Z
(M)
CS (k)
∫ ∞
−∞
dNy
(4π|k|)N
∏
1≤a<b≤N
tanh2
ya − yb
2k
×
N∏
a=1
[
1
2 cosh ya2
M−1
2∏
s=−M−1
2
tanh
ya + 2πi(s +M/2)
2|k|
]
. (2.9)
If we integrate this integrand along the contour C1+C2+C3+C4 depicted in fig. 1 (Left),
then we can easily see that the integration vanishes by the Cauchy integration theorem3.
Since the integrals along C2 and C4 becomes zero in the limit Λ→∞, we find
Z(N,N+M)(k) =
∫
C1
dNya(· · · ) =
∫
C3
dNya(· · · ). (2.10)
The right hand side is nothing but (2.1).
3Note that poles of 1/ cosh ya
2
at ya = −(2m+1)πi with m = 1, 2, · · · , [(M−1)/2] are canceled out due to
zeros of
∏
tanh ya+2πi(s+M/2)
2k
. Also, poles of tanh ya+2πi(s+M/2)
2|k| are not located inside of C1+C2+C3+C4.
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Figure 1: (Left) Explanation of the integral contours C1, C2, C3 and C4. The real positive param-
eter Λ is taken to infinity. (Right) Explanation of the integral contours C5, C6, C7 and C8.
2.1.2 For M > |k|/2
For M > |k|/2, the ABJ matrix model (1.1) is also written as [33, 34]
Z(N,N+M)(k) =
1
N !
eiθ(N,M,k)Z
(M)
CS (k)
∫ ∞
−∞
dNy
(4π|k|)N
∏
1≤a<b≤N
tanh2
ya − yb
2k
×
N∏
a=1
[
1
2 cosh ya2
|k|−M−1
2∏
s=− |k|−M−1
2
tanh
ya + 2πi(s + |k|/2 −M/2)
2|k|
]
. (2.11)
By considering an integral contour C5 + C6 + C7 + C8 in fig. 1 (Right) with the same
integrand, the partition function becomes
Z(N,N+M)(k) =
∫
C5
dNya(· · · ) =
∫
C7
dNya(· · · ), (2.12)
as in the case for M ≤ |k|/2. Thus we obtain
Z(N,N+M)(k) =
1
N !
eiθ(N,M,k)Z
(M)
CS (k)
∫ ∞
−∞
dNy
(4π|k|)N
∏
1≤a<b≤N
tanh2
ya − yb
2k
×
N∏
a=1
[
1
e
ya
2 + (−1)|k|−Me− ya2
|k|−M−1
2∏
s=− |k|−M−1
2
tanh
ya + 2πis
2|k|
]
. (2.13)
Noting that
|k|−1
2∏
s=− |k|−1
2
tanh
y + 2πis
2|k| =
{
1 for k : even
tanh y2 for k : odd
,
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we find the following identity
1
e
y
2 + (−1)|k|−Me− y2
|k|−M−1
2∏
s=− |k|−M−1
2
tanh
y + 2πis
2|k| =
1
e
y
2 + (−1)Me− y2
M−1
2∏
s=−M−1
2
tanh
y + 2πis
2|k| .
(2.14)
Plugging this into (2.13), we obtain the same expression (2.1).
2.1.3 Remarks on Seiberg-like duality
From the representation (2.1), one can see that the ABJ partition function transforms
properly under the Seiberg-like duality [26] between the ABJ theories with different gauge
groups
U(N)k × U(N +M)−k and U(N + |k| −M)k × U(N)−k. (2.15)
This duality comes [43] from the Giveon-Kutasov duality [44], which has been proven for
the S3 partition function [45].
Let us check this duality in terms of (2.1). First, it is well-known that the pure CS
partition function Z
(M)
CS (k) enjoys the level-rank duality (See e.g. [43] for a proof)
Z
(M)
CS (k) = Z
(|k|−M)
CS (−k). (2.16)
Next, using (2.14) one can easily see that the integral representation of Zˆ(N,N+M)(k) in
(2.5) is also duality invariant,
Zˆ(N,N+M)(k) = Zˆ(N,N+|k|−M)(−k). (2.17)
Finally the phase factor eiθ(N,M,k) given in (2.3) is not duality invariant but appropriately
transforms as discussed in [43, 45].
In what follows, we will assume k > 0 without loss of generality. Since Z
(M)
CS (k) and
Zˆ(N,N+M)(k) depend only on the absolute value of k, (2.16) and (2.17) imply that they are
invariant under the exchange M ↔ k −M :
Z
(M)
CS (k) = Z
(k−M)
CS (k), Zˆ
(N,N+M)(k) = Zˆ(N,N+k−M)(k). (2.18)
2.2 Grand canonical formalism
Let us switch to the grand canonical formalism. We define4 the grand partition function
as the generating function of Zˆ(N,N+M)(k) in (2.4) ,
Ξ
(M)
k (z) =
∞∑
N=0
zN Zˆ(N,N+M)(k) =
∞∑
N=0
zN
∣∣∣∣∣Z(N,N+M)(k)Z(M)CS (k)
∣∣∣∣∣ , (2.19)
4One could define the grand potential in terms of the whole partition function Z(N,N+M)(k) rather than
Zˆ(N,N+M)(k). Then the N-dependent factor of the phase (2.3) can be absorbed by redefining the chemical
potential as µ→ µ+ iMπ/2, while the N-independent factor of the phase and pure CS partition function
Z
(M)
CS (k) can also be absorbed by redefinition of the perturbative coefficient A in (4.4). Particularly, in
our definition of the grand partition function (2.19), we will see that corresponding topological string free
energy is invariant under the Seiberg-like duality (2.15). If we did not drop the phase in defining the grand
partition function, then corresponding topological string free energy do not become duality invariant.
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where z is related to the chemical potential µ by
z = eµ. (2.20)
From the representation (2.7) of Zˆ(N,N+M)(k) as the sum over permutations, one can show
that the grand partition function is written as a Fredholm determinant,
Ξ
(M)
k (z) = Det(1 + zρ). (2.21)
It is also convenient to introduce the grand potential as
J¯
(M)
k (µ) = log Ξ
(M)
k (z). (2.22)
Given the grand partition function Ξ
(M)
k (z), we can easily come back to the canonical
partition function Zˆ(N,N+M)(k) by
Zˆ(N,N+M)(k) =
∮
dz
2πi
1
zN+1
Ξ
(M)
k (z). (2.23)
As explained in [17, 46], the grand potential consists of a primary non-oscillatory part and
an oscillatory part. The non-oscillatory part5 J
(M)
k (µ) satisfies the following relation
eJ¯
(M)
k (µ) =
∞∑
n=−∞
eJ
(M)
k (µ+2πin). (2.24)
Then we can deform the integral contour in (2.23) to the whole imaginary axis, by just
replacing the total grand potential J¯
(M)
k (µ) with its non-oscillatory part J
(M)
k (µ), namely,
Zˆ(N,N+M)(k) =
∫ i∞
−i∞
dµ
2πi
exp
[
J
(M)
k (µ)− µN
]
. (2.25)
Now let us describe our method for the exact computation of the partition functions.
As discussed in [17] (see appendix A for details), thanks to the Tracy-Widom’s lemma [47],
the grand canonical partition function is determined by a series of functions φ+l (y),
Ξ
(M)
k (z) = exp
[
−
∞∑
n=1
z2n
n
Trρ2n+
]
·
∞∑
l=0
φ+l (0)z
l, (2.26)
where ρ+ and φ
+
l (y) are given by
ρ+(x, y) =
ρ(x, y) + ρ(x,−y)
2
=
E+(x)E+(y)
cosh xk + cosh
y
k
, E+(x) = cosh
x
2k
√
V (x),
5The oscillatory part is defined by
log
[
1 +
∞∑
n=−∞,n6=0
eJ
(M)
k
(µ+2πin)−J(M)
k
(µ)
]
,
although we will not use this expression explicitly below.
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ρn+(x, y) =
E+(x)E+(y)
cosh xk + (−1)n−1 cosh yk
n−1∑
l=0
(−1)lφ+l (x)φ+n−l−1(y),
φ+l+1(y) =
1
cosh y2k
∫
dy′
2πk
cosh y
′
2k
2 cosh y−y
′
2k
V (y′)φ+l (y
′), φ+0 (y) = 1,
Trρ2n+ =
∫
dy
2π
E+(y)
2
sinh yk
2n−1∑
l=0
(−1)l dφ
+
l (y)
dy
φ+2n−l−1(y). (2.27)
In particular, φ+l (y) can be constructed recursively starting from φ
+
0 (y) = 1. Using the
above formula, we have computed the exact partition functions of the ABJ theory for
(k,M,Nmax) = (2, 1, 65), (3, 1, 31), (4, 1, 62), (4, 2, 29), (6, 1, 23), (6, 2, 21) and (6, 3, 22).
The explicit values of the partition functions are listed in appendix D.
3. Test of AdS/CFT correspondence
In this section, using our exact data of the partition function, we test the AdS/CFT
correspondence between the ABJ theory and M-theory on AdS4 × S7/Zk with a discrete
torsion.
3.1 Expectation from the gravity side
Here we describe some expectations from the gravity side.
3.1.1 Classical supergravity
The U(N)k × U(N +M)−k ABJ theory [26, 27] describes the low-energy effective theory
of N M2-branes with M fractional M2-branes. In the near-horizon limit, the geometry
associated with this brane configuration becomes AdS4 × S7/Zk with M units of discrete
torsion realized by a discrete holonomy of the 3-form field [26].
When k ≫ N1/5, the curvature becomes very small and we expect that the eleven-
dimensional classical SUGRA on AdS4 × S7/Zk provides a good approximation of the
gravity side. The free energy of the classical SUGRA with the boundary S3 obeys the
famous N3/2-law [48], given by (see e.g. [49] for a derivation)
FSUGRA = −π
√
2k
3
N3/2. (3.1)
In the next subsection we compare this with our exact result on the ABJ side in the large
N regime with fixed k.
3.1.2 One-loop quantum supergravity
The one-loop correction of the SUGRA can also be analyzed by the technique successful
in computing the logarithmic correction to the black hole entropy [50, 51, 52, 53, 54].
The authors in [36] have shown that the free energy of the eleven dimensional SUGRA
– 9 –
on AdS4 × X7, where X7 is a seven-dimensional manifold including S7/Zk, contains the
following universal logarithmic correction,
−1
4
logN. (3.2)
For N = 3 necklace quiver CSM with coincident rank of gauge groups, it has been shown
that this logarithmic behavior comes from the large N asymptotics of the Airy function
[13] in the perturbative part of partition function (See also [55] for N = 2 case).
Strictly speaking, in the presence of the discrete torsion, there might be further massless
degrees of freedom and the logarithmic correction could change6. However, as we will see in
section 4, the exact ABJ partition functions show a nice agreement with the Airy function,
and hence the ABJ partition function also exhibit this 1-loop behavior (3.2).
3.1.3 Non-perturbative effects
One expects two kinds of non-perturbative effects on the gravity side as in the ABJM case
[25, 10]. If we identify a direction of M-theory circle with the orbifolding direction and
consider a large k regime, then the eleventh dimension in the geometry AdS4 × S7/Zk
shrinks and the bulk theory reduces to the type IIA string theory on AdS4 × CP3. Since
CP
3 has a nontrivial 2-cycle CP1 and a Lagrangian submanifold RP3, we expect that the
dual type IIA string theory has the worldsheet instanton [25] and the D2-brane instanton
[10] corrections characterized by the following weights, respectively,
exp
[
−TF1Vol(CP1)
]
= exp
(
−2π
√
2N
k
)
, exp
[
−TD2Vol(RP3)
]
= exp
(
−π
√
2kN
)
.
(3.3)
As discussed in [8], the worldsheet instanton also receives the following contribution from
the coupling to the background NSNS 2-form field∫
CP
1
BNS =
1
2
− M
k
. (3.4)
We also expect that the D2-instanton has a coupling to the background RR 3-form field.
From the viewpoint of M-theory, these instantons correspond to M2-branes wrapping three
cycles known as membrane instantons [1]. The worldsheet instanton effects in (3.3) and
(3.4) have been successfully reproduced from the ABJ matrix model in the ’t Hooft limit
[8]. In section. 4, we will show that the ABJ partition function contains all the expected
instanton effects and determine the structure from the refined topological string.
3.2 Comparison with the gravity side
Let us compare our exact result of the partition function with the classical SUGRA result
(3.1). In fig. 2 (Left), we plot the exact values of the free energy log Zˆ(N,N+M)(k) listed
in appendix D against N3/2 for some cases. As expected from the gravity side, we observe
that the free energy is approximately proportional to N3/2 in the large N regime. Fig. 2
6We would like to thank Ashoke Sen for explaining this point.
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Figure 2: (Left) The free energy log Zˆ(N,N+M)(k) is plotted to N3/2. (Right) The ratio between
the exact free energy log Zˆ(N,N+M)(k) and the classical SUGRA free energy FSUGRA is plotted
against 1/N . The symbols and dashed lines denote the exact data and fitting functions in the large
N region, respectively.
(Right) compares our result with the classical SUGRA result. In this plot, we fit the ratio
between the exact free energy and classical SUGRA free energy by linear functions of 1/N ,
whose intercepts should be almost 1 if the AdS/CFT correspondence is correct. We easily
see that the data points are well fitted by the fitting functions in the large N region, and
indeed the values of these intercepts are almost 1. Although we have plotted only for
(k,M) = (2, 1), (3, 1), (4, 2) and (6, 3), we have checked that similar result holds also for
(k,M) = (4, 1), (6, 1) and (6, 2).
We can reproduce the classical SUGRA result also from the thermodynamic limit of
the Fermi gas system as in the ABJM case [13]. In the large N limit, the free energy is
approximated by a saddle point of the µ-integration in (2.25) as
log Zˆ(N,N+M)(k) ≃ J (M)k (µ∗)− µ∗N, with
∂J
(M)
k (µ)
∂µ
∣∣∣∣∣
µ=µ∗
= N. (3.5)
Hence we can estimate the large N free energy if we find the large µ asymptotic behavior
of the grand potential, which is captured by a semi-classical expansion of the Fermi gas
system. By introducing the quantum mechanical operators qˆ and pˆ satisfying [qˆ, pˆ] = 2πik,
and qˆ|x〉 = x|x〉, we can rewrite the density matrix ρ(x, y) as a quantum mechanical
operator
ρ(x, y) = 〈x|e−Hˆ(qˆ,pˆ)|y〉, e−Hˆ(qˆ,pˆ) =
√
V (qˆ)
1
2 cosh pˆ2
√
V (qˆ), (3.6)
where Hˆ is the Hamiltonian of the Fermi gas system. The asymptotic behavior of the
classical Hamiltonian for |q|, |p| ≫ 1 is given by
Hcl(q, p) ∼ |q|+ |p|
2
, (3.7)
which is exactly the same as in the ABJM case [13]. Thus the same analysis as [13] gives
the large µ grand potential and the saddle point µ∗ as
J
(M)
k (µ) ≃
2
3π2k
µ3, µ∗ = π
√
kN
2
. (3.8)
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We can easily see that plugging this into (3.5) reproduces the result of the classical super-
gravity.
Using the expression of the saddle point value µ∗ in (3.8), we can translate the instanton
effects (3.3) on the gravity side into the language of the grand canonical formalism. In terms
of µ∗, we can express the instanton factors as
exp
(
−2π
√
2N
k
)
= exp (−2µ∗), exp
(
−π
√
2kN
)
= exp
(
−4µ∗
k
)
. (3.9)
If we assume that the free energy on the gravity side receives a series of multi-instanton
corrections, we would expect that the ABJ grand potential have the following expansion,
J
(M)
k (µ) =
∞∑
l,m=0
fl,m(µ) exp
[
−
(
2l +
4m
k
)
µ
]
, (3.10)
where fl,m(µ) is a polynomial of µ, whose coefficients depend on M and k. Although there
is no currently available technique to determine the coefficients fl,m(µ) of instantons from
the computation of the gravity side, the ABJ matrix model and its relation to the refined
topological string give a very concrete prediction for these coefficients, as we will see in the
next section.
4. ABJ partition function from the refined topological string
In this section we propose that the ABJ free energy including the non-perturbative effects
is completely determined by the refined topological string on local P1 × P1. As explained
in [7], the partition function of the ABJ theory on S3 can be analytically continued7 to
the partition function of the L(2, 1) lens space matrix model [39, 40] which comes from
the pure Chern-Simons theory on S3/Z2. The lens space matrix model corresponds to the
topological string on local P1 × P1 via a topological version of the large N duality [59].
Thus we expect that structure of the ABJ free energy is captured by the topological string
on local P1 × P1.
For the ABJM case, as the special case of the ABJ theory, this expectation has been
confirmed quite successfully. In [2] it is discussed that the grand potential of the ABJM
theory corresponds to the free energy of the topological string on the “diagonal” local
P
1 × P1 in large radius frame, where the Ka¨hler parameters of two P1’s are equal. More
precisely, it has been shown, based on the exact and numerical results [15, 16, 17, 19], that
the perturbative and worldsheet instanton part of the ABJM grand potential are given
by the free energy of the un-refined topological string on the local P1 × P1 [13, 17], while
the D2-brane instanton part and its mixed contribution with the worldsheet instanton are
captured by the Nekrasov-Shatashvili limit [35] of the refined topological string on the
same local P1 × P1.
In this paper we generalize this argument to the ABJ theory. From the topological
string viewpoint, this amounts to consider non-diagonal local P1×P1, or equivalently local
7There is much strong evidence for this relation [7, 10, 14, 17, 33, 34, 56, 57, 58].
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P
1 × P1 with general Ka¨hler parameters. For this purpose, we decompose J(µ) into the
perturbative part Jpert(µ) and the non-perturbative part Jnp(µ) as
J
(M)
k (µ) = Jpert(µ) + Jnp(µ). (4.1)
We propose that structure of the ABJ grand potential, or equivalently the ABJ partition
function, is completely determined by the topological string including the non-perturbative
effect and test this proposal by using our exact data of the partition functions.
4.1 Perturbative part
In order to study the non-perturbative structure of the ABJ grand potential in terms of
the exact data, we shall first determine the perturbative part of the ABJ partition function
to subtract this from the exact data. In this subsection, we determine the perturbative
part of the ABJ grand potential by using the un-refined topological string.
As explained in [60], the perturbative part of the free energy of un-refined topological
string on a Calabi-Yau manifold (CY) X is given by
Fpert =
1
6g2s
∫
X
J ∧ J ∧ J − 1
24
(
1− 1
g2s
)∫
X
J ∧ c2, (4.2)
where J is the Ka¨hler form and c2 is the second Chern class. From this general expression,
we expect that the perturbative part of the grand potential of ABJ theory is given by
Jpert(µ) =
T 31 + T
3
2 − 3T 21 T2 − 3T1T 22
6g2s(4πi)
2
+
1
24
(
1− 1
g2s
)
(T1 + T2) +A, (4.3)
where T1,2 are the Ka¨hler parameters of local P
1×P1, whose relation to µ will be explained
shortly. Here gs denotes the string coupling gs = 2/k defined in (1.3) and A is given by
A = − log |Z(M)CS (k)| −
ζ(3)k2
8π2
+
1
6
log
4π
k
+ 2ζ ′(−1)
− 1
3
∫ ∞
0
dx
(
3
x3
− 1
x
− 3
x sinh2 x
)
1
ekx − 1 . (4.4)
Apart from the first term in (4.4), A is the so-called constant map contribution analyzed
in [14] in detail. The first term − log |Z(M)CS (k)| in (4.4) comes from our definition of the
grand partition function (2.19). In order to reproduce the worldsheet instanton factor
e−4µ/k (3.9) together with the effect of the B-field (3.4), it is natural to make the following
identification of the Ka¨hler parameters
T1(µ) =
4µ
k
+ 2πi
(
1
2
− M
k
)
, T2(µ) =
4µ
k
− 2πi
(
1
2
− M
k
)
. (4.5)
With this identification, the Seiberg-like duality (2.18) is naturally realized as the exchange
of two P1’s of local P1 × P1
M ↔ k −M ⇔ T1 ↔ T2. (4.6)
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Then the perturbative grand potential in (4.3) becomes
Jpert(µ) =
C
3
µ3 +Bµ+A, (4.7)
where C and B are defined in (1.6). This expression (4.7) of the perturbative part is
consistent with the result for the ABJM case [13] and the same as the proposal in [30].
Then, as in the ABJM case, the perturbative canonical partition function Zˆ
(N,N+M)
pert (k) is
given by the Airy function,
Zˆ
(N,N+M)
pert (k) =
∫ i∞
−i∞
dµ
2πi
eJpert(µ)−Nµ = C−1/3eAAi[C−1/3(N −B)]. (4.8)
Below, we will show that this is indeed the correct perturbative partition function by
comparing with our exact data. In the large N limit with fixed k, the perturbative part of
the free energy becomes
log Zˆ
(N,N+M)
pert (k) = −
2
3
C−1/2N3/2 + C−1/2BN1/2 − 1
4
logN +O(1). (4.9)
The first term reproduces the classical SUGRA result (3.1) and the third term agrees with
the logarithmic behavior (3.2) of the one-loop quantum supergravity [36].
Let us compare Zˆ
(N,N+M)
pert (k) with our exact data of partition functions. For this
purpose we decompose the canonical partition function as
Zˆ(N,N+M)(k) = Zˆ
(N,N+M)
pert (k)
(
1 + Zˆ(N,N+M)np (k)
)
, (4.10)
where
Zˆ(N,N+M)np (k) =
Zˆ(N,N+M)(k)
Zˆ
(N,N+M)
pert (k)
− 1. (4.11)
If Zˆ
(N,N+M)
pert (k) is the correct perturbative part, then Zˆ
(N,N+M)
np (k) should correspond to
the non-perturbative part of the partition function and it is expected to behave as
Zˆ(N,N+M)np (k) = O
(
e
−2π
√
2N
k
)
, (4.12)
in the large N regime. Fig. 3 shows the plots of Zˆ
(N,N+M)
np (k) against 2π
√
2N/k in semi-log
scale for (k,M) = (2, 1), (6, 1), (6, 2) and (6, 3). We can easily see that the data points are on
the straight lines in the large N regime, which imply the exponentially suppressed behavior
of Zˆ
(N,N+M)
np (k) by e
−2π
√
2N
k . Thus we conclude that Jpert(µ) given in (4.7) is indeed the
correct perturbative part of the grand potential. Since this consistency check shows the
presence of the “−14 logN” term (3.2) in the canonical partition function, we have also
tested the AdS/CFT correspondence at 1-loop level of the dual quantum supergravity [36].
Although we have not explicitly shown, similar result holds also for (k,M) = (3, 1), (4, 1)
and (4, 2).
4.2 Non-perturbative effects and the refined topological string
In this section we briefly review [2] and write down an expected form of the ABJ grand
potential from the refined topological string on local P1 × P1 with non-diagonal Ka¨hler
parameters.
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Figure 3: Zˆ
(N,N+M)
np (k) is plotted to 2π
√
2N/k in semi-log scale. (Left) A plot for (k,M) = (2, 1).
(Right) Plots for (k,M) = (6, 1), (6, 2) and (6, 3). The blue circle, purple square and yellow diamond
symbols show the cases for M = 1, M = 2 and M = 3, respectively.
4.2.1 The refined topological string
Let us first recall the structure of the un-refined topological string on CY X with Ka¨hler
parameters TI . The free energy of the un-refined topological string in the large radius
frame is given by [61]
Ftop(TI ; gs) =
∑
g≥0
∑
w≥1
∑
d
(−1)g−1
w
ndg
(
qw/2s − q−w/2s
)2g−2
Qwd, (4.13)
where
qs = e
gˆs , d = (d1, d2, · · · ), Q =
∏
I
QI , QI = e
−TI , Qd =
∏
I
QdII . (4.14)
Here gˆs is the topological string coupling defined by gˆs = 2πigs. The integer numbers n
d
g
are the so-called Gopakumar-Vafa invariants of X.
The free energy of the refined topological string is obtained by a one parameter defor-
mation of the standard topological string free energy originated in the Nekrasov instanton
partition function [62]. The refined free energy is determined by the supersymmetric index
NdjL,jR which counts the BPS states in the M-theory compactified on X down to 5 dimen-
sions [63]. These BPS states come from M2-branes wrapping a two-cycle of X with degree
d. They behave as massive particles in the 5 dimensions, carrying spins (jL, jR) of the
little group SO(4) ≃ SU(2)× SU(2). The refined free energy takes the form of
Fref(TI ; ǫ1, ǫ2) =
∑
jL,jR≥0
∑
w≥1
∑
d
(−1)sL+sR
w
NdjL,jR
χjL(q
w
L )χjR(q
w
R)
(q
w/2
1 − q−w/21 )(qw/22 − q−w/22 )
Qwd,
(4.15)
where
sL,R = 2jL,R + 1, qL = e
ǫ1−ǫ2
2 , qR = e
ǫ1+ǫ2
2 , q1,2 = e
ǫ1,2 , χj(q) =
q2j+1 − q−2j−1
q − q−1 .
(4.16)
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It is often useful to introduce another invariant ndgL.gR by∑
jL,jR≥0
(−1)sL+sRNdjL,jRχjL(qL)χjR(qR) =
∑
gL,gR≥0
ndgL,gR(q
1
2
L−q
− 1
2
L )
2gL(q
1
2
R−q
− 1
2
R )
2gR . (4.17)
The un-refined topological string corresponds to the following particular limit:
ǫ1 = −ǫ2 = gˆs, (4.18)
with an identification
ndg = n
d
g,0. (4.19)
As discussed in [2], the Nekrasov-Shatashvili (NS) limit
ǫ1 = ~, ǫ2 → 0. (4.20)
of the refined topological string plays an important role in the D2-instanton corrections.
Since the refined free energy has a simple pole (∼ 1/ǫ2) in this limit, we introduce the NS
free energy as
FNS(TI ; ~) = lim
ǫ2→0
ǫ2F (TI ; ~, ǫ2)
=
∑
jL,jR≥1
∑
w≥1
∑
d
(−1)sL+sR
w2
NdjL,jR
χjL(q
w/2)χjR(q
w/2)
qw/2 − q−w/2 Q
wd, (4.21)
where
q = e~ = e2πi/gs . (4.22)
4.2.2 ABJ partition function
As a natural generalization of the ABJM case, we conjecture that the ABJ grand potential
can be written in terms of the free energy of the refined topological string on local P1×P1.
For later convenience, we decompose the non-perturbative grand potential Jnp(µ) into the
worldsheet instanton part JWS(µ), the D2-brane instanton part JD2(µ) and the mixed
contributions JWS+D2(µ),
Jnp(µ) = JWS(µ) + JD2(µ) + JWS+D2(µ). (4.23)
As in the ABJM case [2, 8, 17], we expect that the perturbative part plus the worldsheet
instanton part is described by the un-refined topological string,
Jpert(µ) + JWS(µ) = Ftop(T1, T2; gs), (4.24)
where gs = 2/k in our definition (1.3). More explicitly, the worldsheet instanton part
JWS(µ) is given by
8
JWS(µ) =
∞∑
m=1
∑
d1,2,jL,R
(−1)sL+sR+1Nd1,d2jL,jR
[
− sR sin
4πmsL
k
m(2 sin 2πmk )
2 sin 4πmk
e−m(d1T1+d2T2)
]
, (4.25)
8Note that this expression is ill-defined for physical integer values of k. Hence this formula should
be understood as the simple analytic continuation to unphysical values of k. As we will see in section
4.2.3, the divergences at integer values of k are actually apparent and canceled out if we take into account
contributions from D2-brane instanton.
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(d1, d2)
∑
jL,jR
Nd1,d2jL,jR(jL, jR)
(1, n), n ≥ 0 (0, n + 12)
(2, 2) (12 , 4) ⊕ (0, 72)⊕ (0, 52)
(2, 3) (1, 112 )⊕ (12 , 5)⊕ (12 , 4)⊕ 2(0, 92)⊕ (0, 72 )⊕ (0, 52 )
(2, 4) (32 , 7) ⊕ (1, 132 )⊕ (1, 112 )⊕ 2(12 , 6)⊕ (12 , 5)⊕ 2(0, 112 )⊕ (12 , 4)
⊕2(0, 92)⊕ (0, 72)⊕ (0, 52)
(3, 3) (2, 152 )⊕ (32 , 7) ⊕ (32 , 6)⊕ 3(1, 132 )⊕ (12 , 7)⊕ 2(1, 112 )⊕ 3(12 , 6)⊕ (1, 92)
⊕3(12 , 5)⊕ 4(0, 112 )⊕ 2(12 , 4)⊕ 3(0, 92)⊕ (12 , 3)⊕ 3(0, 72)⊕ (0, 52)⊕ (0, 32)
(2, 5) (2, 172 )⊕ (32 , 8)⊕ (32 , 7) ⊕ 2(1, 152 )⊕ (1, 132 )⊕ 2(12 , 7)⊕ (1, 112 )⊕ 2(12 , 6)
⊕3(0, 132 )⊕ (12 , 5)⊕ 2(0, 112 )⊕ (12 , 4)⊕ 2(0, 92)⊕ (0, 72 )⊕ (0, 52 )
(3, 4) (3, 192 )⊕ (52 , 9)⊕ (52 , 8) ⊕ 3(2, 172 )⊕ (32 , 9)⊕ 2(2, 152 )⊕ 4(32 , 8)
⊕(1, 172 )⊕ (2, 132 )⊕ 4(32 , 7) ⊕ 7(1, 152 )⊕ 2(12 , 8) ⊕ (0, 172 )⊕ 2(32 , 6)
⊕6(1, 132 )⊕ 7(12 , 7)⊕ (0, 152 )⊕ (32 , 5)⊕ 5(1, 112 )⊕ 8(12 , 6)⊕ 7(0, 132 )
⊕2(1, 92)⊕ 6(12 , 5)⊕ 6(0, 112 )⊕ (1, 72)⊕ 4(12 , 4)⊕ 7(0, 92 )⊕ 2(12 , 3)
⊕4(0, 72 )⊕ (12 , 2)⊕ 3(0, 52)⊕ (0, 32 )⊕ (0, 12 )
Table 1: BPS index Nd1,d2jL,jR of local P
1 × P1 up to d1 + d2 = 7.
where Nd1,d2jL,jR denotes the BPS index of local P
1 × P1 partly listed9 in table 1.
It is also expected that the D2-brane instanton part is captured by the Nekrasov-
Shatashvili limit with the effective shift of the chemical potential,
Jpert(µ) + JD2(µ) = Jpert(µeff) +
1
2πi
∂
∂gs
[
gsFNS
(
T eff1
gs
,
T eff2
gs
;
1
gs
)]
. (4.26)
In this expression, we treat T eff1,2 and gs as independent variables, namely
∂T eff1,2
∂gs
= 0. (4.27)
As discussed in [2], the effective Ka¨hler parameters are determined by the so-called quantum
A-period, whose closed form is not known for the general value of gs. However, for the
physical case of integer k, we can write down the effective Ka¨hler parameter T eff1,2 in terms
of a hypergeometric function (see appendix C for an explanation)
T effI
gs
=
TI
gs
− 4e−
TI
gs 4F3
(
1, 1,
3
2
,
3
2
, 2, 2, 2; 16e
−TI
gs
)
for g−1s ∈ Z
2T effI
gs
=
2TI
gs
− 4e−
2TI
gs 4F3
(
1, 1,
3
2
,
3
2
, 2, 2, 2; 16e
− 2TI
gs
)
for g−1s ∈ Z+
1
2
, (4.28)
which gives the effective chemical potential µeff as
µeff =
{
µ− 2(−1)k2−Me−2µ 4F3
(
1, 1, 32 ,
3
2 , 2, 2, 2; (−1)
k
2
−M16e−2µ
)
for k : even
µ+ e−4µ 4F3
(
1, 1, 32 ,
3
2 , 2, 2, 2;−16e−4µ
)
for k : odd
. (4.29)
9A part of the data is extracted from the table in section 5.5.2 of [63]. We are grateful to Can Kozc¸az
to tell us the other data of the BPS index, which is not listed in [63].
– 17 –
The second term of the right hand side in (4.26) takes the following explicit form
1
2πi
∂
∂gs
[
gsFNS
(
T eff1
gs
,
T eff2
gs
;
1
gs
)]
=
∞∑
m=1
∑
d1,2,jL,R
(−1)sL+sR+1
4m
Nd1,d2jL,jR[
sin kπmsL2 sin
kπmsR
2
πm sin3 kπm2
− k
2
sL cos
kπmsL
2 sin
kπmsR
2 + sR sin
kπmsL
2 cos
kπmsR
2
sin3 kπm2
+
k
2π
(
3π cot
kπm
2
+ d1T
eff
1 + d2T
eff
2
)
sin kπmsL2 sin
kπmsR
2
sin3 kπm2
e−
km
2
(d1T eff1 +d2T
eff
2 )
]
.(4.30)
This shift of the chemical potential also plays an important role to describe the mixed
contribution of the worldsheet instantons and D2-instantons by
JWS(µ) + JWS+D2(µ) = JWS(µeff). (4.31)
To summarize, we conjecture that the total ABJ grand potential is given by
J
(M)
k (µ) = Ftop(T
eff
1 , T
eff
2 ; gs) +
1
2πi
∂
∂gs
[
gsFNS
(
T eff1
gs
,
T eff2
gs
;
1
gs
)]
=
C
3
µ3eff +Bµeff +A
+
∞∑
m=1
∑
d1,2,jL,R
(−1)sL+sR+1Nd1,d2jL,jR
×
[
− sR sin
4πmsL
k
m(2 sin 2πmk )
2 sin 4πmk
e−m(d1T
eff
1 +d2T
eff
2 )
+
1
4m
{
sin kπmsL2 sin
kπmsR
2
πm sin3 kπm2
− k
2
sL cos
kπmsL
2 sin
kπmsR
2 + sR sin
kπmsL
2 cos
kπmsR
2
sin3 kπm2
+
k
2π
(
3π cot
kπm
2
+ d1T
eff
1 + d2T
eff
2
)
sin kπmsL2 sin
kπmsR
2
sin3 kπm2
}
e−
km
2
(d1T eff1 +d2T
eff
2 )
]
.
(4.32)
We can rewrite this expression in the form of (3.10) and read off the coefficient fl,m(µ) of
the term e−(2ℓ+4m/k)µ, as expected from the gravity side.
By exponentiating J
(M)
k (µ) in (3.10), we find the following expansion
eJ
(M)
k (µ) = eA
∞∑
l,m=0
gl,m(µ) exp
[
C
3
µ3 +
(
B − 2l − 4m
k
)
µ
]
, (4.33)
where gl,m(µ) is a polynomial of µ explicitly determined by the coefficient fl,m(µ). Then we
come back to the canonical formalism by applying the integral transform (2.25) to (4.33),
Zˆ(N,N+M)(k) = C−
1
3 eA
∞∑
l,m=0
gl,m
(
− ∂
∂N
)
Ai
[
C−
1
3
(
N −B + 2l + 4m
k
)]
. (4.34)
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Since the Airy function satisfies the differential equation
d2
dz2
Ai[z] = zAi[z],
the canonical partition function given in (4.34) can be rewritten as a combination of the
Airy function and its first derivative alone.
The expression (4.32) has apparent divergences at some values of the Chern-Simons
level k, in particular at physical integer k. For example, for odd k such divergences occur
when m in (4.32) is a multiple of k for the worldsheet instanton and even integer for D2-
instanton, respectively. In the next subsubsection, we discuss that these divergences are
actually canceled out and we compute the finite part of the grand potential.
4.2.3 Cancellation of divergence between instantons
Here we show the cancellation of apparent divergences in the grand potential (4.32) and
compute its finite part.
Even Chern-Simons level
Let us first consider the even k case; we set k = 2n0 with some integer n0. By expanding
10
the m-th worldsheet instanton term with m = n0ℓ (ℓ ∈ Z) around k = 2n0, we find that
the worldsheet instanton part (4.25) has poles at k = 2n0:
(−1)sL+sR+(n+M)ℓd−
4n0ℓ
sRsLN
d1,d2
jL,jR
e−2ld+µeff[
4n2
π2ℓ2(k − 2n0)2 +
4n
π2ℓ2(k − 2n0) + 1 +
1
π2ℓ2
− 2
3
s2L +O(k − 2n0)
]
, (4.35)
where we have introduced the notation
d± = d1 ± d2. (4.36)
The contribution (4.30) from FNS, which gives the part of the D2-instanton correction, has
also poles for arbitrary m:
(−1)(sL+sR+1)(mn0+1)+mMd−+d−mn0e−2md+µeff sLsRNd1,d2jL,jR
4m[
4n0
π2m2
1
(k − 2n0)2 +
4
π2m2
1
k − 2n0 −
n0
2
+
n0
6
(s2L + s
2
R)
− 2d
2
+
π2n0
µ2eff −
2d+
π2mn0
µeff +
d2−
2n0
(n0 −M)2 +O(k − 2n0)
]
. (4.37)
It is easy to see that these poles are canceled with each other if
(−1)sL+sR+1 = 1. (4.38)
10This expansion should be handled with care. See the comments below and section 4.4 for detail.
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It turns out that the non-zero values of the BPS index Nd1,d2jL,jR for local P
1×P1 appear only
for the spins obeying the condition (4.38), and hence the poles are indeed canceled. After
the pole cancellation, we find the finite part of the grand potential as11
J(µ) =
C
3
µ3eff +Bµeff +A
+
∑
m,2m/k 6=Z
∑
d1,2,jL,R
(−1)sL+sR+1Nd1,d2jL,jR
[
−e
−2mπid−( 12−Mk )sR sin 4πmsLk
m(2 sin 2πmk )
2 sin 4πmk
e−
4m
k
d+µeff
]
+
∞∑
m=1
∑
d1,2,jL,R
sLsR
2k
Nd1,d2jL,jR[
−2d
2
+
π2
µ2effLi1((−1)(
k
2
+M)d+e−2d+µeff )− 2d+
π2
µeffLi2((−1)(
k
2
+M)d+e−2d+µeff )
− 1
π2
Li3((−1)(
k
2
+M)d+e−2d+µeff )
+
{
(16 + k2)s2L + k
2s2R
24
− 8 + k
2
8
+
d2−
2
(
k
2
−M
)2}
Li1((−1)(
k
2
+M)d+e−2d+µeff )
]
.
(4.39)
Some comments are in order here. First, when taking the limit k → 2n0 in our general
expression (4.32), we should treat k and T eff1,2 as independent variables since we have imposed
the condition ∂T effI /∂gs = 0. This means that k in the expression of T
eff
1,2 in (1.4) is set to
2n0 before taking the limit k → 2n0. Second, the resulting finite part (4.39) is invariant
under the Seiberg-like duality M ↔ k−M for even integer k. The same comments can be
applied also to the odd k case.
Odd Chern-Simons level
When k is odd, there are also apparent divergences in the worldsheet instanton withm = kℓ
and the D2-instanton with m = 2ℓ (ℓ ∈ Z). As in the even k case, similar calculation shows
that these divergences are canceled again and the finite part of the grand potential is12
J(µ) =
C
3
µ3eff +Bµeff +A
+
∑
m,2m/k 6=Z
∑
d1,2,jL,R
(−1)sL+sR+1Nd1,d2jL,jR
[
−e
−2mπid−( 12−Mk )sR sin 4πmsLk
m(2 sin 2πmk )
2 sin 4πmk
e−
4m
k
d+µeff
]
+
∑
d1,2,jL,R
sLsR
4k
Nd1,d2jL,jR
[
−2d
2
+
π2
µ2effLi1((−1)d+e−4d+µeff )−
d+
π2
µeffLi2((−1)d+e−4d+µeff )
− 1
4π2
Li3((−1)d+e−4d+µeff )
+
{
(16 + k2)s2L + k
2s2R
24
− 8 + k
2
8
+
d2−
2
(
k
2
−M
)2}
Li1((−1)d+e−4d+µeff )
]
11We have used the definition of polylogarithm Lis(z) =
∑∞
p=1
zp
ps
.
12We have used
∑∞
p=1
x2p−1
2p−1 = Arctanhx.
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+
k
8
∑
d1,2,jL,R
Nd1,d2jL,jRPd+ (PsRsR + PsLsL) (−1)
d−
2
+ k
2
(sL+sR+1)Arctanh(e−2d+µeff ),
(4.40)
where Pl denotes the projection to even l,
Pl =
1
2
(
1 + (−1)l
)
. (4.41)
4.3 Test of our proposal
Let us test our conjecture of the finite part (4.39) for even k and (4.40) for odd k, expected
from the refined topological string. Since the odd number of D2-instanton does not appear
in the finite part of the expected grand potential for odd k in (4.40), we can rewrite the
expansion of the grand potential (4.34) as13
eJ
(M)
k (µ) = eA
∞∑
m=0
gˆm(µ) exp
[
C
3
µ3 +
(
B − 4m
k
)
µ
]
, (4.42)
where gˆm(µ) is a polynomial of µ. Since we know the values of the BPS index N
d1,d2
jL,jR
up
to d1 + d2 = 7 from table 1, we can explicitly write down gˆm(µ) up to m = 7. Using these
coefficients gˆm(µ) (m = 0, · · · , 7), we define the putative partition function
Zˆ7−inst = eA
7∑
m=0
gˆm
(
− ∂
∂N
)
Ai
[
C−1/3
(
N −B + 4m
k
)]
. (4.43)
If our conjecture is correct, then this quantity should be the canonical partition function
including the instanton effects up to the order of 7-th worldsheet instanton correction.
Hence we expect that the difference between the exact partition function Zˆ
(M)
k and Zˆ7−inst
behaves as
Zˆ
(M)
k − Zˆ7−inst
Zˆpert
=
∑∞
m=8 gˆm
(− ∂∂N )Ai[C−1/3 (N −B + 4mk )]
Ai
[
C−1/3 (N −B)
] = O(N α2 e−16π√ 2Nk ),
(4.44)
in the large N regime. Here α is some non-negative integer depending14 on k and M . In
fig. 4, we plot the quantity
e14π
√
2Nk
∣∣∣Zˆ(M)k − Zˆ7−inst∣∣∣
Zˆpert
, (4.45)
against 2π
√
2N/k both in semi-log scale (Left) and log-log scale (Right) for various values of
(k,M). From fig. 4 one can see that this quantity (4.45) is extremely small, and this already
13Note that this expression of course includes also D2-instanton effects since kℓ/2-th worldsheet instanton
actually contributes by the same weight as ℓ-th D2-instanton.
14For example, if (k,M) is (2, 1), the formula (4.39) implies α = 16. This is because the grand partition
function contains a term with O(µ16e−16µ) coming from the µ2-terms in the first D2-instanton correction
of the grand potential.
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Figure 4: The quantity e14pi
√
2Nk|Zˆ(M)k − Zˆ7−inst|/Zˆpert is plotted to 2π
√
2N/k both in semi-log
scale (Left) and log-log scale (Right) for (k,M) = (2, 1), (3, 1), (4, 1), (4, 2), (6, 1), (6, 2) and (6, 3).
The blue circle, purple square and yellow diamond symbols show the cases for M = 1, M = 2 and
M = 3, respectively.
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gives strong evidence for our conjecture. We can argue more precisely as follows. If Zˆ7−inst
properly contains the instanton effects, then this quantity (4.45) should be exponentially
suppressed by e
−2π
√
2N
k in the large N regime. On the other hand, if Zˆ7−inst had wrong
information at 6-th or lower order of worldsheet instanton effects, we could observe an
exponential blow-up of this quantity. The semi-log plots in fig. 4 (Left) show that such
exponential blow-up does not occur. We also see from the log-log plots in fig. 4 (Right)
that the data points give a power law behavior in not so large N region. This behavior is
consistent with our expectation (4.44) since the data should show such a power law behavior
before going to exponentially suppressed region. Thus we conclude that the grand potential
(4.32) coming from the refined topological string is correct at least up to the order of 6-th
worldsheet instanton corrections. In particular the case of (k,M) = (4, 1), plotted in the
second bottom of fig. 4 (Left), clearly exhibits the exponentially suppressed behavior. This
strongly supports our expectation (4.44).
To summarize, all cases we studied strongly support our conjecture that the ABJ grand
potential is given by the general expression (1.2) in terms of the refined topological string
on local P1 × P1, with an appropriate identification of the Ka¨hler parameters (1.4).
4.4 Comments on Matsumoto-Moriyama proposal
Recently an apparently similar form of the grand potential was proposed in [30] by a
different approach, which uses a relation between the ABJ partition function and the half-
BPS Wilson loops of the ABJM theory. The work [30] have calculated the ABJ partition
function exactly or numerically with high precision for (k,M,Nmax) = (2, 1, 4), (3, 1, 3),
(4, 1, 2), (4, 2, 2), (6, 1, 3), (6, 2, 2) and (6, 3, 2). These values are totally consistent with our
exact values listed in appendix D. However, there is an important difference of physical
interpretation between [30] and ours.
This difference comes from an ambiguity for taking the limit to a physical Chern-
Simons level in the apparently divergent grand potential (4.32). Suppose that we take
the limit k → k0 (k0 ∈ Z) in (4.32). In section 4.2.3, we have expanded (4.32) around
k = k0 after fixing k = k0 in the effective Ka¨hler parameters T
eff
I since we have imposed
∂T effI /∂gs = 0, while the authors in [30] expanded the total expression (4.32) around k = k0.
This difference of taking the limit affects the finite part15 of the grand potential after the
cancellation of divergence. Since the latter prescription does not agree with the exact data,
the authors in [30] added an extra new term, whose origin is unclear from the topological
string perspective, in such a way that the finite part agrees with their exact and numerical
data. It turns out that the finite part of our grand potential, corresponding to (4.39) and
(4.40), agrees with the one given in Figure 4 of [30]. However, our grand potential before
cancellation (4.32) is different from the proposal in [30] with an extra term added. We
believe that our prescription is more natural since everything can be completely explained
by the refined topological string.
15Fortunately or unfortunately, this difference vanishes for M = 0. Therefore this ambiguity of how to
take the limit is irrelevant for the ABJM case [2].
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5. Discussions
In this paper we have studied the partition function of the ABJ theory on S3. By using
the Fermi gas formalism and Tracy-Widom’s lemma [47], we have exactly computed the
ABJ partition function for (k,M,Nmax) = (2, 1, 65), (3, 1, 31), (4, 1, 62), (4, 2, 29), (6, 1, 23),
(6, 2, 21) and (6, 3, 22). These exact data enable us to test the relation between the ABJ
partition function and the free energy of the refined topological string on local P1×P1 with
non-diagonal Ka¨hler parameters. We conclude that the ABJ partition function is com-
pletely determined by the refined topological string including full series of the membrane
instanton effects in the M-theory dual.
Although here we have focused on the usual AdS/CFT correspondence between the
ABJ theory and the M-theory on AdS4 × S7/Zk, it is also interesting to study the higher
spin limit [28, 29], corresponding to the regime where M,k ≫ 1 with M/k and N kept
fixed. It would also be interesting to study the eigenvalue problem of the Hamiltonian (3.6)
of the ABJ Fermi gas, as in the case of the ABJM theory [20]. We leave this for future
work.
Throughout many previous works about the ABJM theory and this work, we have seen
that the (refined) topological string is a very powerful tool to determine the structures of
the partition function and the BPS Wilson loops in the ABJ(M) theory. However, if we
consider more general M2-brane theory beyond16 the ABJ(M) theory, the correspondence
to the topological string is rather obscure, and it might be the case that there is no such
relation in general. Therefore even if we can exactly compute the partition function for the
case other than the ABJ(M) theory for some discrete values of parameters, we do not have
a good guiding principle to extend the non-perturbative effects to more general parameters.
Although this problem can be overcome for the “orbifold ABJ(M) theory” [46] due to a
relation to the ABJ(M) theory, we need to develop a new approach to study more general
M2-brane theories. It is very interesting to study the instanton effects in other M2-brane
theories having AdS4 dual.
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A. Algorithm for exact computation of ABJ grand partition function
In this appendix, we show that the grand canonical partition function of the ABJ theory
is determined by a series of functions φ+l (y) which can be computed recursively by the
16For previous studies, see e.g. [64, 65, 66, 67, 68, 69] in the M-theory limit, [70, 71, 72, 73] in the ’t
Hooft limit and [13, 55, 74, 75, 46] in the Fermi gas approach.
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formula (2.27). Our algorithm is essentially a simple generalization of the ABJM case
[16, 17].
As discussed in section 2, the ABJ grand partition function is given by
Ξ
(M)
k (z) = exp
[
−
∞∑
n=1
(−1)n
n
Trρn
]
, (A.1)
with the density matrix (2.8) . Here we define multiplication and trace for certain matrices
ρ1, ρ2 as
ρ1ρ2(x, y) =
∫ ∞
−∞
dq
2πk
ρ1(x, q)ρ2(q, y), Trρ1 =
∫ ∞
−∞
dq
2πk
ρ1(q, q), (A.2)
respectively. Then we decompose the density matrix into the even and odd parts:
ρ(x, y) = ρ+(x, y) + ρ−(x, y), ρ±(x, y) =
ρ(x, y) ± ρ(x,−y)
2
. (A.3)
In terms of ρ±, we rewrite the grand partition function as
Ξ
(M)
k (z) = Ξ+(z)Ξ−(z), Ξ±(z) = Det(1 + zρ±). (A.4)
Note that ρ± takes the form of
ρ±(x, y) =
E±(x)E±(y)
cosh xk + cosh
y
k
, E±(x) =
√
V (x)
(
e
x
2k ± e x2k
)
2
. (A.5)
Therefore, both ρ± have the form of
E(x)E(y)
M(x) +M(y)
,
where the Tracy-Widom’s lemma [47] is applicable. Then the power of ρ± is determined
by a series of functions φ±l (y)
ρ2n+1± (x, y) =
E±(x)E±(y)
cosh xk + cosh
y
k
2n∑
l=0
(−1)lφ±l (x)φ±2n−l(y),
ρ2n± (x, y) =
E±(x)E±(y)
cosh xk − cosh yk
2n−1∑
l=0
(−1)lφ±l (x)φ±2n−1−l(y),
φ±l (x) =
1
E±(x)
∫ ∞
−∞
dq
2πk
ρl±(x, q)E±(q), φ
±
0 (x) = 1. (A.6)
At this stage, it seems that we should find the two series of the functions φ+l (y) and φ
−
l (y)
to obtain the grand potential. However, similar to the ABJM case [17], one can show the
following convenient identity,
Ξ−(z)
Ξ+(−z) =
∞∑
l=0
φ+l (0)z
l, (A.7)
which implies that we need information of only φ+l (y). Plugging this into (A.4), we arrive
at (2.26). In the rest of this section, we present a concrete algorithm to compute φ+l (y)
and Trρ2n+ exactly.
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A.1 Algorithm for even Chern-Simons level
By changing variables as u = e
y
k , v = e
y′
k , the recursion equation (2.27) becomes
φ+l+1(u) =
1
2π
u
u+ 1
∫ ∞
0
dv
v
k
2
−1
u+ v
v + 1
vk + (−1)M
[ M−1
2∏
s=−M−1
2
v − e− 2πsk
v + e−
2πs
k
]
φ+l (v). (A.8)
If we assume the form of φ+l (u) as
φ+l (u) =
l∑
j=0
A
(j)
l (u)(log u)
j , (A.9)
with rational functions A
(j)
l , we find
17
φ+l+1(u) = −
1
2π
u
u+ 1
l∑
j=0
(2πi)j+1
j + 1
∑
poles
Resv
[
A
(j)
l (v)Bj+1
(
log v
2πi
)
v
k
2
−1
u+ v
v + 1
vk + (−1)M
M−1
2∏
s=−M−1
2
v − e− 2πisk
v + e−
2πis
k
]
.
(A.10)
The symbol
∑
poles indicates the summation over all the poles of the integrand. From
φ+l (u), we can find ρ
2n
+ (u, u) as
ρ2n+ (u, u) =
1
2
u
k
2
+1(u+ 1)
(u− 1)(uk + (−1)M )
M−1
2∏
s=−M−1
2
[
u− e− 2πisk
u+ e−
2πis
k
]
2n−1∑
l=0
(−1)l dφ
+
l (u)
du
φ+2n−l−1(u).
(A.11)
By expanding ρ2n+ (u, u)/u in terms of the power of log u
1
u
ρ2n+ (u, u) =
2n−1∑
j=0
R(j)n (u)(log u)
j , (A.12)
where R
(j)
n (u) is some rational function of u, then the trace of ρ2n+ can be obtained as a
sum of residues
Tr ρ2n+ = −
1
2π
2n−1∑
j=0
(2πi)j+1
j + 1
∑
poles
Resu
[
R(j)n (u)Bj+1
(
log u
2πi
)]
. (A.13)
17Here we have used an integral formula noted in [16],∫ ∞
0
dvC(v) logj v = −
(2πi)j
j + 1
∮
γ
dvC(v)Bj+1
(
log v
2πi
)
,
where C(v) is a rational function and Bj+1 is the Bernoulli polynomial. Choosing the branch cut of log v
as the positive real axis, the integral contour γ goes from +∞ to 0 infinitesimally below the branch cut and
then to +∞ infinitesimally above the branch cut.
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A.2 Algorithm for odd Chern-Simons level
When k is odd, by introducing the variables u = ey/2k, v = ey
′/2k, we can rewrite the
recursion relation (2.27) as
φ+l+1(u) =
1
2π
u2
u2 + 1
∫ ∞
0
dv
vk−1
u2 + v2
v2 + 1
v2k + (−1)M
[ M−1
2∏
s=−M−1
2
v2 − e− 2πisk
v2 + e−
2πis
k
]
φ+l (v).(A.14)
By expanding φ+l+1 as (A.9), we find
φ+l+1(u) = −
1
π
u2
u2 + 1
l∑
j=0
(2πi)j+1
j + 1
∑
poles
Resv
[
A
(j)
l (v)Bj+1
(
log v
2πi
)
vk−1
u2 + v2
v2 + 1
v2k + (−1)M
M−1
2∏
s=−M−1
2
v2 − e− 2πisk
v2 + e−
2πis
k
]
.
(A.15)
Then ρ2n+ (u, u) is rewritten as
ρ2n+ (u, u) =
1
4
uk+1(u2 + 1)
(u2 − 1)(u2k + (−1)M )
M−1
2∏
s=−M−1
2
[
u2 − e− 2πisk
u2 + e−
2πis
k
]
2n−1∑
l=0
(−1)l dφ
+
l (u)
du
φ+2n−l−1(u).
(A.16)
In a similar way as the even k case, by expanding ρ2n+ (u, u)/u in terms of the power of log u
1
u
ρ2n+ (u, u) =
2n−1∑
j=0
R(j)n (u)(log u)
j , (A.17)
the trace of ρ2n+ can be obtained as a sum of residues
Tr ρ2n+ = −
1
π
2n−1∑
j=0
(2πi)j+1
j + 1
∑
poles
Resu
[
R(j)n (u)Bj+1
(
log u
2πi
)]
. (A.18)
B. pi−N term of Ẑ(N,N+M)(k)
In this appendix, we will briefly discuss the structure of the highest transcendental term of
the partition functions of the ABJ theory listed in appendix D, and the partition functions
of the ABJM theory in [17]. As mentioned in [17] for the k = 1 ABJM theory, the coefficient
of the highest transcendental term π−N in the canonical partition function can be expressed
in terms of the Hermite polynomial using the relation
e2xz−z
2
=
∞∑
n=0
Hn(x)
n!
zn. (B.1)
We will see that the partition functions of ABJ theory also have a similar structure.
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B.1 (k,M) = (2, 1)
The partition function of (k,M) = (2, 1) case has the structure
Ẑ(N,N+1)(2) =
N∑
m=0
c
(N)
m
πm
. (B.2)
Let us consider the highest transcendental term π−N in Ẑ(N,N+1)(2). We observe that such
highest term of φl(u = 1) comes from the (log u)
l term in the expansion (A.9)
φ+l (u) = εl
φ+1 (u)
l
l!
+ · · · , εl =
√
2 sin
(
π(2l + 1)
4
)
= ±1,
φ+l (1)highest = εl
φ+1 (1)
l
l!
=
εl
(4π)ll!
, (B.3)
where
φ+1 (u) =
u
2π(u2 − 1) log u. (B.4)
Tr ρ2m+ with m ≥ 2 is always less transcendental compared to π−2m, and the only highest
transcendental term comes from Tr ρ2+ =
1
32π2
. Thus we find that the generating function
of the highest term π−N is given by
∞∑
N=0
zN
c
(N)
N
πN
= e−Tr ρ
2
+z
2
( ∞∑
l=0
φ+l (1)highestz
l
)
= e−
z2
32π2
(
cos
z
4π
+ sin
z
4π
)
= 1 +
1
4π
z − 1
16π2
z2 − 1
96π3
z3 +
5
3072π4
z4 + · · · . (B.5)
We further find
∞∑
m=1
Tr ρ2m+
m
z2m =
z2
25π2
+
z4
293π2
+
z6
210335π2
+
z6
216π2
− z
4
215
(
1 + cos
z
π
)
+ · · · . (B.6)
B.2 (k,M) = (4, 1)
In a similar manner, the highest transcendental term for the (k,M) = (4, 1) case is found
to be
∞∑
N=0
zN
c
(N)
N
πN
= e−Tr(ρ
2
+)highestz
2
( ∞∑
l=0
φ+l (1)highestz
l
)
= exp
(
z2
64π2
− z
8π
)
= 1− 1
8π
z +
3
128π2
z2 − 7
3072π3
z3 +
25
98304π4
z4 + · · · . (B.7)
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The next-to-highest term is
∞∑
N=1
zN
c
(N)
N−1
πN−1
=
z
16
exp
(
z2
64π2
+
3z
8π
)
. (B.8)
Therefore, we find
Ξ(z) = e
z2
64π2
− z
8π
[
1 +
z
16
e
z
2π + · · ·
]
. (B.9)
B.3 Summary of the Higher Transcendental Part of Grand Partition Functions
By inspecting the exact partition functions, we find a similar structure for other cases.
Here we summarize the higher transcendental part of grand partition functions Ξ
(M)
k (z) for
various k and M ,
Ξ
(0)
1 (z) = exp
[
z4
27π2
+
z2
24π
· · ·
]
·
[
1 +
z
4
e−
z2
4π +
z3
64
e
z2
4π · · ·
]
Ξ
(0)
3 (z) = exp
[
z4
3 · 27π2 −
z2
24π
+ · · ·
]
·
[
1 +
z
12
e
z2
12π + · · ·
]
Ξ
(0)
2 (z) = exp
[
z2
2 · 24π2 −
z4
29 · 3π2 +
z6
210335π2
+
z6
216π2
+
z4
214
cosh2
z
2π
+ · · ·
]
·
[
1 +
z
8
cosh
z
2π
+ · · ·
]
Ξ
(1)
2 (z) = exp
[
− z
2
2 · 24π2 −
z4
29 · 3π2 −
z6
210335π2
− z
6
216π2
+
z4
214
cos2
z
2π
+ · · ·
]
·
[
cos
z
4π
+ sin
z
4π
· · ·
]
Ξ
(0)
4 (z) = exp
[
− z
2
4 · 24π2 + · · ·
]
·
[
1 +
z
16
− z
2
128
sin
z
2π
+ · · ·
]
Ξ
(1)
4 (z) = exp
[
z2
4 · 24π2 −
z
8π
+ · · ·
]
·
[
1 +
z
16
e
z
2π + · · ·
]
Ξ
(0)
6 (z) = exp
[
z2
6 · 24π2 + · · ·
]
·
[
1 +
z
24
cosh
z
6π
+
√
3z2
2 · 34 sinh
z
6π
+ · · ·
]
Ξ
(1)
6 (z) = exp
[
− z
2
6 · 24π2 + · · ·
]
·
[
cos
z
12π
+ sin
z
12π
+ · · ·
]
. (B.10)
We do not have a clear understanding of the origin of this structure. We leave this for a
future work.
C. Picard-Fuchs equation and effective Ka¨hler parameters
In this appendix, we will explain that the effective Ka¨hler parameters for integer k are given
by (4.28), which are essentially equal to the classical periods of diagonal local P1 × P1.
The Picard-Fuchs equation of local P1 × P1 for the classical periods Π is
θ2IΠ = zI(2θ1 + 2θ2)(2θ1 + 2θ2 + 1)Π, (I = 1, 2) (C.1)
– 29 –
with
θI = zI
∂
∂zI
. (C.2)
Note that θI measures the exponent of z
n
I
θIz
n
I = nz
n
I . (C.3)
The classical A-period is a solution of the Picard-Fuchs equation (C.1)
ΠAI = log zI + 2
∑
k,l≥0
(2k + 2l − 1)!
(k!l!)2
zk1z
l
2. (C.4)
For the diagonal case z1 = z2 = z, this reduces to
ΠA = log z + 4z
∞∑
n=0
(2n + 1)!2
(n+ 1)!3
zn
n!
= log z + 4z4F3
(
1, 1,
3
2
,
3
2
, 2, 2, 2; 16z
)
, (C.5)
where we have used the identity
n∑
m=0
(
n
m
)2
=
(
2n
n
)
. (C.6)
As discussed in [17], the effective Ka¨hler parameter is given by the quantum A-period.
For even k, the quantum parameter q is equal to the classical value q = eiπk = 1, and the
instanton factors for the D2-brane become “diagonal”
z = e−T1,2/gs = (−1)k2−Me−2µ, (C.7)
although the worldsheet instanton factors are non-diagonal e−T1 6= e−T2 . Therefore, the
quantum A-period is reduced to the classical period (C.5). In [19], it is conjectured for the
ABJM case that the quantum period for the odd k case, corresponding to q = −1, is also
expressed in terms of the hypergeometric function, obtained by simply replacing z → z2 in
(C.5). We expect that this is also the case for the ABJ theory.
D. Exact results on ABJ partition function
In this section, we present exact results of the ABJ partition function for various k, M
and N . Although we have indeed obtained the exact values for (k,M,Nmax) = (2, 1, 65),
(3, 1, 31), (4, 1, 62), (4, 2, 29), (6, 1, 23), (6, 2, 21) and (6, 3, 22), we list these values up to
N = 20 at most. This is because the expressions for larger N are too long. The other
values are available upon request to the present authors. Our values are consistent with
the result obtained in the work [30] by a different approach, which has calculated the ABJ
partition function exactly or numerically with high precision for (k,M,Nmax) = (2, 1, 4),
(3, 1, 3), (4, 1, 2), (4, 2, 2), (6, 1, 3), (6, 2, 2) and (6, 3, 2).
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Zˆ(1,2)(2)= 14π , Zˆ
(2,3)(2)= 1128−
1
16π2
, Zˆ(3,4)(2)= 5π
2−48
4608π3
, Zˆ(4,5)(2)= 932768 +
5
3072π4
− 53
18432π2
, Zˆ(5,6)(2)= 6240−800π
2+17π4
29491200π5
,
Zˆ(6,7)(2)=−218880+1413600π
2−1160264π4+103275π6
8493465600π6
, Zˆ(7,8)(2)=−4677120−8631840π
2+14206864π4−1345977π6
1664719257600π7
,
Zˆ(8,9)(2)= 61608960−1051438080π
2+2363612608π4−1477376224π6+126511875π8
213084064972800π8
, Zˆ(9,10)(2)= 633830400+6140897280π
2−22473501120π4+16465544384π6−1444050207π8
23013079017062400π9
,
Zˆ(10,11)(2)=−45945446400+1789603200000π
2−8040102013440π4+12612559256000π6−6759848237256π8+563610403125π10
18410463213649920000π10
,
Zˆ(11,12)(2)=− 1899826790400+58020665472000π
2−380149120834560π4+713711875201600π6−419001890609104π8+35516095421175π10
8910664195406561280000π11
,
Zˆ(12,13)(2)= 1
5132542576554179297280000π12
[
89510709657600−7305762207744000π2+55891102669839360π4−165671005272960000π6+212595597816249824π8
−102685378935079440π10+8388213629709375π12
]
,
Zˆ(13,14)(2)= 1
3469598781750625204961280000π13
[
4720114977177600+362547424176537600π2−3751225073125770240π4+13042072681841448960π6
−19012094772801329056π8+9993495094908215904π10−830549319123470625π12
]
,
Zˆ(14,15)(2)= 1
5440330889784980321379287040000π14
[
−555727897460736000+89573494835323699200π2−1055636150467356057600π4+5131488836828022789120π6
−12078328057432325328640π8+13537831707363614586208π10−6051892803562043641080π12+486239579473363340625π14
]
,
Zˆ(15,16)(2)=− 1
4896297800806482289241358336000000π15
[
36090194527715328000+6104583949671567360000π2−92067509353118319820800π4
+507831737592928484736000π6−1344043476982266371351040π8+1708199914796799315018400π10−841038818134977117865584π12+69024176701151867566875π14
]
,
Zˆ(16,17)(2)= 1
1253452237006459466045787734016000000π16
[
644515885825523712000−195903374317541130240000π2+3317788425511538166988800π4−24242575894767562235904000π6
+91686579377609424295127040π8−184621497276384941161625600π10+187135567910967396538249344π12−78705401521585216044052800π14+6236022606745884843515625π16
]
,
–
31
–
Zˆ(17,18)(2)= 1
1448990785979467142748930620522496000000π17
[
50222901705188179968000+17114872531857226334208000π2−355825180591455246748876800π4
+2838673897897708635616051200π6−11715836542518334641324349440π8+26594007390595358524134338560π10
−31088486157208526910587238784π12+14680941405810341458359816576π14−1194793767361309903416444375π16
]
,
Zˆ(18,19)(2)= 1
1251928039086259611335076056131436544000000π18
[
−2837855912505174392832000+1565466573304371781435392000π2−36201047925887447842868428800π4
+374743421357886210747698380800π6−2099946681695866974987064688640π8+6688454172020401470415744112640π10−11982818897222541532284369726464π12
+11220643955054903542467568447104π14−4489098718626188671320477135000π16+351431054003164340356323046875π18
]
,
Zˆ(19,20)(2)=− 1
1807784088440558878767849825053794369536000000π19
[
260034050935690604052480000+167378576740920004904091648000π2−4603213941146778919710228480000π4
+49864936569429230001889571635200π6−292626274613554624545116349235200π8+1022337025900122231369611246684160π10−2112649945836780855818878981703680π12
+2341691134873926453650025102600576π14−1075830030189292612090801154991984π16+87057436298005995587368943405625π18
]
,
Zˆ(20,21)(2)= 1
2892454541504894206028559720086070991257600000000π20
[
25690000707001171197296640000−24885517234201682474749132800000π2+755668170954645465216072941568000π4
−10621602174332426380613505515520000π6+83475984203142035463930152647065600π8−388930780899716024500536537133056000π10+1087554872133572209767569467463813120π12
−1775932910388692220449035532375705600π14+1558438899830276774076529628858407584π16−597787290215170549303861405923030000π18+46306312830726949307050906271484375π20
]
.
–
32
–
Zˆ(1,2)(3)= 112 (2
√
3−3), Zˆ(2,3)(3)= 1432(−27+14
√
3+ 9π ), Zˆ(3,4)(3)=− 45+18
√
3−14√3π
1728π , Zˆ
(4,5)(3)=
702+84(27+2
√
3)π+(1152
√
3−2881)π2
248832π2
,
Zˆ(5,6)(3)=
54(14
√
3−37)+840
√
3π+(5797−3574
√
3)π2
995328π2
, Zˆ(6,7)(3)=
17982+162(182
√
3−1647)π+27(2304
√
3−5905)π2−7(42110
√
3−78327)π3
322486272π3
,
Zˆ(7,8)(3)=
−2430(61+18
√
3)+83916
√
3π+27(28553+16770
√
3)π2+(78732−335594
√
3)π3
1289945088π3
,
Zˆ(8,9)(3)=
1472580+9072(2295+74
√
3)π+324(91008
√
3−105709)π2−168(793233+60254
√
3)π3+(178071703−76499136
√
3)π4
371504185344π4
,
Zˆ(9,10)(3)=
2916(774
√
3−2857)+5533920
√
3π−324(152814
√
3−521209)π2−48(1483097
√
3−511758)π3+(226863738
√
3−370195279)π4
1486016741376π4
,
Zˆ(10,11)(3)=
299312820+72900(7070
√
3−171747)π+24300(382464
√
3−411157)π2−2700(6698762
√
3−62488989)π3−9(5065099200
√
3−9212744479)π4+25(6475592722
√
3−11826421389)π5
4012245201715200π5
,
Zˆ(11,12)(3)=
−131220(28925+6642
√
3)+2915854200
√
3π+24300(2404421+1236762
√
3)π2−5400(8730505
√
3−7125246)π3−9(40242657395+27610808958
√
3)π4+50(3671699105
√
3−1298211948)π5
16048980806860800π5
,
Zˆ(12,13)(3)= 1
6933159708563865600π6
[
25651672920+3674160(281907+4562
√
3)π+218700(11516544
√
3−6754681)π2−226800(106545861+3385430
√
3)π3−162(232246756800
√
3−175868541043)π4
+36(3302763448131+214002197506
√
3)π5+25(2873091390912
√
3−6479908382207)π6
]
,
Zˆ(13,14)(3)= 1
27732638834255462400π6
[
787320(66366
√
3−316045)+212550156000
√
3π−218700(12640806
√
3−69160621)π2−64800(147495509
√
3−104910390)π3
+162(296550133938
√
3−1076243018035)π4+360(205884495833
√
3−99859338540)π5−175(1189802574054
√
3−1946635606421)π6
]
,
Zˆ(14,15)(3)= 1
146761124710879907020800π7
[
9762153103080+38578680(456134
√
3−24118263)π+19289340(70712064
√
3−37224121)π2−3572100(371449442
√
3−9412651737)π3
−23814(1164740241600
√
3−760466097211)π4+7938(4920941754202
√
3−40985286126129)π5+9(10577414304217152
√
3−16694829965655623)π6−1225(241451318806186
√
3−436239059157621)π7
]
,
Zˆ(15,16)(3)= 1
587044498843519628083200π7
[
−49601160(3662825+677322
√
3)+170696384888400
√
3π+19289340(210402593+126703602
√
3)π2−7144200(729601789
√
3−1620343926)π3
−23814(2803076569895+2326367522214
√
3)π4+79380(992950495129
√
3−1601735224140)π5+9(65702735219040679+49510164883503726
√
3)π6−2450(134862880599065
√
3−58222941612138)π7
]
,
–
33
–
Zˆ(16,17)(3)= 1
338137631333867305775923200π8
[
873064837174320+1851776640(44415567+393626
√
3)π+154314720(1916774784
√
3−606477925)π2−240045120(17798150169+279968270
√
3)π3
−285768(39244249540800
√
3−13493732619847)π4+127008(536988724735743+6895335985354
√
3)π5+216(518491284724453824
√
3−326463576135631595)π6
−336(893382789200775309+46813383823326550
√
3)π7−1225(152389841509146240
√
3−337119938695893131)π8
]
,
Zˆ(17,18)(3)= 1
1352550525335469223103692800π8
[
1488034800(1521342
√
3−8972381)+13565467542816000
√
3π−154314720(1439560350
√
3−11885783617)π2
−68584320(20996707697
√
3−26100169758)π3+1428840(6210164253042
√
3−37135089788099)π4+1270080(26266226178293
√
3−26656967579580)π5
−216(598709018914049250
√
3−2213891956469549207)π6−672(304318107429747331
√
3−172874144162115774)π7+1225(435235968952169778
√
3−713337768334931003)π8
]
,
Zˆ(18,19)(3)= 1
1314679110626076084856789401600π9
[
58464585220935600+18749238480(5867234
√
3−600328125)π+1785641760(15138920448
√
3−4236518269)π2
−462944160(31133608058
√
3−1722444578037)π3−115736040(10989313693632
√
3−3280921971535)π4+2571912(455517813319858
√
3−7391659237811325)π5
+5832(2873264941254076992
√
3−1573633144207062371)π6−13608(1569723702002837758
√
3−11686691616115566447)π7
−81(605022932882421984384
√
3−886168883247494751971)π8+1225(114549503631688611466
√
3−205470512408562766641)π9
]
,
Zˆ(19,20)(3)= 1
5258716442504304339427157606400π9
[
−2678462640(575940725+87843042
√
3)+1682253111024208800
√
3π+1785641760(9018837149+16522525962
√
3)π2
−925888320(64084310353
√
3−436522842414)π3−949035528(1252129132998
√
3−302840637145)π4+25719120(63997148204653
√
3−458742838215420)π5
+5832(2814188682934565611+4284440486643065238
√
3)π6−27216(1228646175500522483
√
3−2983446322924960494)π7−81(3174112050264905901151+2556850825191662907462
√
3)π8
+2450(63005382101415209525
√
3−30828591348338574072)π9
]
,
Zˆ(20,21)(3)= 1
18931379193015495621937767383040000π10
[
27212508208631239200+624974616000(8466191307+43655330
√
3)π+66961566000(390117511296
√
3−69963418417)π2
−138883248000(3538375943949+30304795526
√
3)π3−231472080(8146846411531200
√
3−1434108747628219)π4−771573600(283388114263510
√
3−21213224962217631)π5
+437400(103210691255334516672
√
3−29179474844566192319)π6+1360800(1852787727580925522
√
3−161730054824069504817)π7
−486(770013459328381479964800
√
3−439771266544674399965423)π8+2100(432570801010943237965497+17596866511600094228950
√
3)π9
+214375(2686006964880752857344
√
3−5861724703722040120369)π10
]
.
–
34
–
Zˆ(1,2)(4)=π−216π , Zˆ
(2,3)(4)= 12+12π−5π
2
512π2
, Zˆ(3,4)(4)=−168+396π+202π
2−99π3
73728π3
, Zˆ(4,5)(4)= 1200+4320π−3512π
2−4872π3+1755π4
4718592π4
,
Zˆ(5,6)(4)=−38880+241200π+186000π
2−400200π3−203494π4+96975π5
1887436800π5
, Zˆ(6,7)(4)= 953280+8320320π−7378800π
2−36784800π3+17373764π4+27667476π5−9333225π6
543581798400π6
,
Zˆ(7,8)(4)=−52536960+691346880π+566479200π
2−2914304400π3−2014346488π4+3962357364π5+2156964930π6−995722875π7
426168129945600π7
,
Zˆ(8,9)(4)= 478759680+8468167680π−7157041920π
2−89293397760π3+38961966624π4+232256453184π5−82822457776π6−145218219408π7+47021834475π8
54549520633036800π8
,
Zˆ(9,10)(4)= 1
23565392913471897600π9
[
−12959654400+320811321600π+249167439360π2−2406136078080π3−1813794333120π4+7622732486880π5
+5866548067808π6−10329554789424π7−6075970569810π8+2721498152625π9
]
,
Zˆ(10,11)(4)= 1
18852314330777518080000π10
[
646656998400+20855511936000π−15908447520000π2−423480742272000π3+155455887162240π4+2407085602588800π5
−690712514324000π6−4858102787889600π7+1434686348402316π8+2720310664056300π9−855380089265625π10
]
,
Zˆ(11,12)(4)= 1
36498080544385275002880000π11
[
−71248933324800+3066836963097600π+2147272497216000π2−32994976801248000π3−26307684678401280π4+169824342336485760π5
+173665340769940800π6−543644538181826400π7−506552450721933352π8+791312771801094444π9+502106969790796050π10−218816278991454375π11
]
,
Zˆ(12,13)(4)= 1
21022894393565918401658880000π12
[
2305385523302400+126291787634073600π−84666760738560000π2−4394402461709568000π3+1299328657279107840π4
+44622842590319938560π5−9109124891322297600π6−187333512163572614400π7+38674141099980946736π8+324147996295923358944π9−82963880513737784280π10
−168381450188362233000π11+51759053721397378125π12
]
,
Zˆ(13,14)(4)= 1
56845906440202243358085611520000π13
[
−326696029973913600+23110746777403084800π+14222217559476326400π2−296594132415214233600π3−262735740032464258560π4
+1724522555482742695680π5+3140617642113715146240π6−9346414694706594236160π7−17675870289759454430944π8+38402692345719161274672π9+45493756685677679170896π10
−63043272699716161765224π11−42976871049629192344650π12+18272369792404283180625π13
]
,
–
35
–
Zˆ(14,15)(4)= 1
89134381298237117585478238863360000π14
[
26391913012168704000+2332482753805940736000π−1355032723453445836800π2−129495692619143333683200π3
+30046144200216759014400π4+2094928031999642929689600π5−253496012528736284186880π6−15100547205665994294942720π7+1646913997990346974848960π8
+52651301340949893975032640π9−8050948997442445017147952π10−81998763263694004366967328π11+18677773839866223207584700π12+40305044547604234787287500π13
−12163520270564951460046875π14
]
,
Zˆ(15,16)(4)= 1
320883772673653623307721659908096000000π15
[
−4633702702858285056000+516113389226566010880000π+275371922971758412800000π2−6222420431735196648960000π3
−7145638913552848995686400π4−2693255806580867079552000π5+154547350796588963653440000π6+159652773393243655228704000π7−1473487743866342908878894720π8
+935904177913483525445899200π9+6685851766942719820185100000π10−9622431406752930664123352400π11−15115257648023669929267894152π12+18658828832122713811445030700π13
+13606289597410394667282123750π14−5657632516340449201697765625π15
]
,
Zˆ(16,17)(4)= 1
82146245804455327566776744936472576000000π16
[
56772848827620237312000+7781492578357428682752000π−3887052200944811458560000π2−657782957741870623703040000π3
+117619027037528930526412800π4+15734914034909020252626124800π5−574014170297132056267776000π6−174641421273933510335222784000π7+852999519098267742094333440π8
+1019582557904026953326637987840π9−41099081861260979377311526400π10−3129469328085580990310547801600π11+353854932895814323114927802304π12
+4510179835184969512289869463424π13−930128008456563471286686727200π14−2123885924262761275712164860000π15+631139928800895901116370265625π16
]
,
Zˆ(17,18)(4)= 1
379844240599801434668775668586249191424000000π17
[
−12013213941558716350464000+2036573414071306950647808000π+935022496319363796664320000π2
−12425536068551131275509760000π3−32428640849237305307924889600π4−785115838027162292557223116800π5+1357434101342472557859366912000π6+13228798815940219457808006144000π7
−20719602189385098881987341716480π8−73298297241245350647746631498240π9+144768362750377327584834458956800π10+82890136643185050776939034201600π11
−533161924740328983354031383553408π12+486555711295564474193718217457856π13+1066895651332706638406604528945600π14−1180193000974188589401149640060000π15
−916867447192175983960684691531250π16+373638901549556570993440766015625π17
]
,
–
36
–
Zˆ(18,19)(4)= 1
328185423878228439553822177658519301390336000000π18
[
465855763117726264098816000+95961974798933629893771264000π−41045994308278306379096064000π2
−11958856225081234996476837888000π3+1625708668057072168313718374400π4+401149261361386900409804454297600π5+22012349141916298410418523750400π6
−6386577865336077441393321780019200π7−730454799806610208657032441415680π8+56234718518007944271908329628129280π9+4958475482710824132244381543595520π10
−284006654332827248522353155536885760π11−4201646145009753606197144172314368π12+793555280427244296686025422264848128π13−64556095975146628958789565015676608π14
−1077034100575608827227760504479502976π15+203513467805398089020909664008446500π16+489980901156954879254298891944422500π17−143684383828322958995542770961734375π18
]
,
Zˆ(19,20)(4)= 1
1895599008320647466862876898155607484830580736000000π19
[
−116306979030787541840363520000+29192296360318816884296417280000π+11486184129763831327751847936000π2
+239320576444282253980789137408000π3−513169127421214360070776209408000π4−42743845381692489150560595959808000π5+45251247570770573890585342105190400π6
+934429033843195012274006453562163200π7−1052245455735711826873922214895718400π8−9028950896774505741213994757643110400π9+10746023163461949104861069204115563520π10
+41560493596576859624407451573236277760π11−57881393600330601611761255722545559040π12−66186603676499391299245009164286083840π13
+178545259495591193181144141473488440192π14−96420843472907346704815702438798945344π15−320195024501159969100699347694779917560π16
+319436559534411766172420108596826374500π17+263428226729315780237172594059811468750π18−105400940044220014291579806083525390625π19
]
,
Zˆ(20,21)(4)= 1
3032958413313035946980603037048971975728929177600000000π20
[
7890027009727842671990538240000+2380484007269648549678894284800000π
−870094846069703809457430528000000π2−427316635043437533171964836249600000π3+43696857006690484114204893093888000π4+19309012462801249322624401699307520000π5
+3093442573893979347765702641664000000π6−419353566853385599959711300749475840000π7−108995682246502516003641497033589350400π8+5204520388687342110106615498605459456000π9
+1282260583281319661150390013932136960000π10−39083199328307624131617979444901171712000π11−6587607360043389970335760445349628270080π12
+177384958265607837901489684929544370841600π13+10909362164629355169418704132227582272000π14−460899618288436440498095906010085475827200π15
+25328535748683448729484308375998661305744π16+596114539513624624789699821725588956317600π17−104110976642972847276582535965831687465000π18
−263554335642165799982102557882064679375000π19+76392973813974105821930412592541417578125π20
]
.
–
37
–
Zˆ(1,3)(4)=−π−416π , Zˆ
(2,4)(4)=− 24+8π−5π
2
512π2
, Zˆ(3,5)(4)=−480+216π+404π
2−135π3
73728π3
, Zˆ(4,6)(4)= 3648+1920π−7280π
2−3056π3+1611π4
4718592π4
,
Zˆ(5,7)(4)= 149760−91200π−542400π
2+290000π3+421388π4−145575π5
1887436800π5
, Zˆ(6,8)(4)=− 3985920+2695680π−23150400π
2−14083200π3+33643016π4+17182584π5−8199225π6
543581798400π6
,
Zˆ(7,9)(4)=−262563840+195310080π+2234400000π
2−1536561600π3−6423200672π4+3327482984π5+4550305860π6−1570037175π7
426168129945600π7
,
Zˆ(8,10)(4)= 2612736000+2100510720π−30784481280π
2−23158732800π3+108930057600π4+86101125376π5−150569774944π6−90240714720π7+40191979275π8
54549520633036800π8
,
Zˆ(9,11)(4)= 1
23565392913471897600π9
[
81765089280−70543872000π−1275440947200π2+1042115880960π3+8366238687744π4−4965466665600π5−19810036547200π6+9535303927008π7
+12943323415332π8−4424232492225π9
]
,
Zˆ(10,12)(4)=− 1
18852314330777518080000π10
[
4457056665600+4088254464000π−89106006528000π2−77950494720000π3+538063720104960π4+604591011763200π5−1701797414614400π6
−1807751653088000π7+2473516719298584π8+1696571352275400π9−717382007645625π10
]
,
Zˆ(11,13)(4)= 1
36498080544385275002880000π11
[
−555876886118400+539303856537600π+13867726473216000π2−12915778917888000π3−173484665239818240π4+101989570995164160π5
+874230130509964800π6−416580747274102400π7−1759437074938728416π8+781753129254675864π9+1075073613621876900π10−363298087269376875π11
]
,
Zˆ(12,14)(4)= 1
21022894393565918401658880000π12
[
19613815190323200+20011567900262400π−597928491933696000π2−588280335261696000π3+4783833481684561920π4
+8202607253775728640π5−23473859992513075200π6−48581456996570572800π7+83891453324831079488π8+122557375894589640576π9−136781388348577452720π10
−105487589166075975600π11+42802678421835688125π12
]
,
Zˆ(13,15)(4)= 1
56845906440202243358085611520000π13
[
3101121451524096000−3314734767164620800π−113492010554405683200π2+117455538452668416000π3+2510569904270741913600π4
−1255894305023202324480π5−22531100208573717995520π6+8145323538866671872000π7+90366000850395251421440π8−33958009378858482961472π9−159580793080270585003968π10
+65614854027384539289360π11+92249506159524359154900π12−30813026723470622255625π13
]
,
–
38
–
Zˆ(14,16)(4)=− 1
89134381298237117585478238863360000π14
[
272456547603893452800+303909902249361408000π−11796329959008731136000π2−12779374972152486297600π3
+88402649575861390049280π4+300945154994061638860800π5−274652591332004876390400π6−3040999319565357886095360π7+2392964858229889270559232π8+14371451346116304035115520π9
−15226199420446315479330880π10−31624131908955527921476224π11+29636047830935581156037880π12+25367799398832012658019400π13−9949768870178118843736875π14
]
,
Zˆ(15,17)(4)= 1
320883772673653623307721659908096000000π15
[
−52816581126156976128000+61302723210876026880000π+2671384160433137909760000π2−3019623748856863948800000π3
−101801104140692502901555200π4+34359394044258577502208000π5+1479560245436840096065536000π6−246607811634796018767360000π7−9938438552495431469565634560π8
+1932188409365037474069619200π9+33320970708654049290601222400π10−9815668497514759021394616000π11−52977344146357554465169589856π12+20252592342926015539537459800π13
+29234697966297464473704847500π14−9655969846089559832542828125π15
]
,
Zˆ(16,18)(4)= 1
82146245804455327566776744936472576000000π16
[
701688110191636119552000+845065298018511618048000π−41015292300794234142720000π2−48212524807418711900160000π3
+33377554746987386948812800π4+1883902643769674227462963200π5+7405301480379404495781888000π6−30011307493082807320805376000π7−58036636289136883355977359360π8
+228863613933917454124313640960π9+64591904895522703563532595200π10−902096039731772098842612838400π11+566188274817049226514236146944π12+1775528104008903044065560976896π13
−1427367442670304033284940916800π14−1342811627750294054504431560000π15+511788703740693849230401265625π16
]
,
Zˆ(17,19)(4)= 1
379844240599801434668775668586249191424000000π17
[
162643672023548836184064000−202787863845382838550528000π−10883450153360530278973440000π2
+13270738435564987408711680000π3+713290097741706884519401881600π4−86557136201968160430961459200π5−15744942652447803166976507904000π6−1036043702904303284818378752000π7
+161322408118212869486991167815680π8+6514261302033641531650754519040π9−872204344115141992581158642073600π10+64697127143895332194417934643200π11
+2544365487742659413806808205145088π12−583488151420607839842058460457216π13−3713942049814044603212945067705600π14+1326599155381451599614802920984000π15
+1970134581088094635028490942262500π16−643854435117209856303331458515625π17
]
,
–
39
–
Zˆ(18,20)(4)= 1
328185423878228439553822177658519301390336000000π18
[
−6818632796571774159421440000−8782758289271637153939456000π+518045091547114329555861504000π2
+653646753485853096620851200000π3+9767061332872923054131380224000π4−42638245624623521034090735206400π5−514541701082903817796128630374400π6
+1015545049014275699845796462592000π7+6505372217358445011376553120563200π8−11533140594833244700822296274206720π9−34269764753420797828841473986846720π10
+70674019950235884345942638314291200π11+60599270372093604085666262521169920π12−241041349850696485773413550483658752π13
+80659913268744637454130425647020288π14+432554302544884468404160110954324480π15−303221748347485891159335256566333000π16
−311117607632817246963387522855375000π17+115681163171007840645199063462734375π18
]
,
Zˆ(19,21)(4)=− 1
1895599008320647466862876898155607484830580736000000π19
[
1853195352508743683514826752000−2461526439562410471551139840000π−158687022555520006087507968000000π2
+206780011137517738243185967104000π3+18019000624301807180292379430092800π4+2116367559414370251822553104384000π5−573443968518124891921630490001408000π6
−170450475627637867821056731407974400π7+8427278175378501317604499242099671040π8+2332094105405401372879212793090867200π9−67491543737021248955405868724821196800π10
−11719930691169437550192833629694238720π11+310374638857838871590330438246560784384π12+4551241481609414422878350063706449920π13−811336473990649324356818711228496184320π14
+142954478542259347741858835399237637888π15+1103438222962196441806408655034632274336π16−369962673389562437047259920111271157000π17
−565761818418237777723415575356664697500π18+183064696868576267532252866292344578125π19
]
,
Zˆ(20,22)(4)= 1
3032958413313035946980603037048971975728929177600000000π20
[
135524964632671292532342128640000+185319535250874368351482675200000π
−12994366429554983728012748390400000π2−17453990126765531115036868608000000π3−826703439458812008006079387533312000π4
+1929881191736265974030465583022080000π5+44706162801630300252375901997629440000π6−65718247693094483918733454344192000000π7
−799061755111411391982253822833288806400π8+1054034365475863702663283362230042624000π9+6996975360556420530421061961032220672000π10
−9339768640879776470200524264075018240000π11−31113410956395586861188424176997444116480π12+48405914301987862664070787917746017894400π13
+57217667515278489114848713777537890611200π14−146938050001901934655037647024142366208000π15+18745796253838016877363977524061318956224π16
+243984108761765592799935642993419521219200π17−151068247341247732708406772367272929970000π18
−168021797387686596207728363557037009250000π19+61136238207447676268730807457781098828125π20
]
.
–
40
–
Zˆ(1,2)(6)= 9−
√
3π
108π , Zˆ
(2,3)(6)=− 432+408
√
3π−269π2
31104π2
, Zˆ(3,4)(6)=−9720+12960
√
3π+4347π2−1931√3π3
10077696π3
, Zˆ(4,5)(6)= 536544+1441152
√
3π−557280π2−3523152√3π3+1912867π4
5804752896π4
,
Zˆ(5,6)(6)= 87130080−307346400
√
3π+310165200π2+911260800
√
3π3+70893099π4−108143075√3π5
15672832819200π5
,
Zˆ(6,7)(6)=− 5391567360+29989543680
√
3π+47373919200π2−245744668800√3π3−93947321232π4+416879149464√3π5−207252738175π6
13541327555788800π6
,
Zˆ(7,8)(6)=− 1525334872320−10774871009280
√
3π+44069352052320π2+87765668272800
√
3π3−162341159067864π4−195569135070624√3π5+2889114383061π6+21333980075275√3π7
71660705425234329600π7
,
Zˆ(8,9)(6)= 1
82553132649869947699200π8
[
103900541875200+1038163124920320
√
3π+5608295669975040π2−18539127946644480√3π3−50054331039733440π4+93338872774430976√3π5
+62169932532485952π6−135509099423062944√3π7+63809267778892475π8
]
,
Zˆ(9,10)(6)= 1
80241644935673589163622400π9
[
4888772865930240−60647422455567360√3π+556321804406000640π2+933542468377989120√3π3−5164192759594454208π4
−5149624432989572928√3π5+12236223416455926432π6+10793989672813518336√3π7−712918751457709125π8−1128948143041047875√3π9
]
,
Zˆ(10,11)(6)=− 1
577739843536849841978081280000π10
[
1808196272496230400+29820491666574336000
√
3π+341976908820339072000π2−956671865037923328000√3π3−6334631015171771612160π4
+9678244617726722956800
√
3π5+30714971087435892321600π6−39110535608560387142400√3π7−32542174192979041907184π8+52142498074569979739400√3π9−23628686735164823781875π10
]
,
Zˆ(11,12)(6)=− 1
7549904275339553734969566167040000π11
[
1050190755685895577600−21133567503116999884800√3π+353851100633289764736000π2+512058440947537604736000√3π3
−5892361026837026926947840π4−4862552393702426691502080√3π5+34407529240248996249844800π6+24361850020186437764068800√3π7−70137894935039233623459336π8
−51946867156243127085448992√3π9+5204432021907025587870225π10+5303975247315120333409375√3π11
]
,
Zˆ(12,13)(6)= 1
13046234587786748854027410336645120000π12
[
83490815735172963532800+2145434180984613421056000
√
3π+43668077436860469910732800π2−110745866224587673626624000√3π3
−1387778216242127674344145920π4+1882767167057484541106380800√3π5+13805689691880169831901767680π6−14594418424900287992172211200√3π7−51398948522742435781662738528π8
+52247271668612310462692995200
√
3π9+49652161964137007705409085152π10−66095382311707064295866007600√3π11+29085854454495182982256994375π12
]
,
Zˆ(13,14)(6)= 1
238119873696283740083708293464446730240000π13
[
62849266996403142807552000−1943173953584639751809433600√3π+53385958444572041103393177600π2
+66023578152379508996682547200
√
3π3−1363985460563660248877968204800π4−877294872785590956560315612160√3π5+14005002680919502346212592348160π6
+7269144146566425060461610577920
√
3π7−68507512250412289427276031105120π8−38164057060083435366285546885024√3π9+130699522405140370854851521228464π10
+86146219768443297716247806118528
√
3π11−10796547621935370680916662084625π12−8667048310788410692867517174375√3π13
]
,
–
41
–
Zˆ(14,15)(6)=− 1
3360347657601956140061291437370272257146880000π14
[
37280700172463779534248345600+1430800961782505255711716147200
√
3π+46959531974488320087821650329600π2
−110734509411935392506802126848000√3π3−2318704455841811380006441016279040π4+2843694054617147244933909889720320√3π5+38883041245158786599977296753269760π6
−35592996246082299070711317247795200√3π7−287479361396599057309776104235419136π8+238328824190189888015057811740974848√3π9+913452426869641020030660743649197664π10
−793701024923422507490563913890381440√3π11−828502804920131860258087704578943216π12+970010173088674006823737901405370600√3π13−416923797096980269596922609044983125π14
]
,
Zˆ(15,16)(6)=− 1
27218816026575844734496460642699205282889728000000π15
[
11655581136109833031168131072000−531945723270633974788317511680000√3π
+22459346747183334888044730224640000π2+23259651401441142743355457597440000
√
3π3−798649571110462414122365309935411200π4−354038668700109749709151039008768000√3π5
+12285854289287121883964091952708224000π6+3605043505396224389483991099878784000
√
3π7−103949252472270033877052684126355068160π8−34348790079113820831695828753606707200√3π9
+471139137709414089529378610157414429600π10+215618250565476073304142901337348085600
√
3π11−873785177563799625900238612448808749496π12
−528804213795199675848467935208130602400√3π13+76699182755636328453427304836395778125π14+52706415790368230420152468852553421875√3π15
]
,
Zˆ(16,17)(6)= 1
62712152125230746268279845320778968971777933312000000π16
[
1045787987824187839056252370944000+58014129313312794056859372748800000
√
3π
+2890261326910604797067083799592960000π2−6413144343783076626904574440243200000√3π3−208261527204980447864355597281044070400π4+231220844332636664649027039842598912000√3π5
+5310167958631405213406042497343963136000π6−4199879795694261520913887713026088960000√3π7−64636033654509388747663468270676996229120π8
+44476379938352175694352768854448245555200
√
3π9+397555135299362306766111560458758659174400π10−274214511409705427065744106708215415040000√3π11
−1133224637471468481853392175295954525526912π12+873883980542535798386471638841639699950080√3π13+980923655230612055725505504867743328784000π14
−1043126836337282812319811534016246860360000√3π15+439654999165985712784947408927095351921875π16
]
,
Zˆ(17,18)(6)= 1
1957371692132702052525550532152153179547132854534144000000π17
[
1187188616500188104746391667867648000−77536133658334911501554228771291136000√3π
+4810739638569891348192726073877987328000π2+4054475696913622311424902227070812160000
√
3π3−221704036730716852743787889531211025612800π4
−48653620995618065625861298517125506662400√3π5+4593816991830289286895674382544697479987200π6+40988555881701866013263774924560859136000√3π7
−57235359314747167831428016693861057649264640π8−1398797694358764418873290184223707594782720√3π9+449486157560945178309022953237331490324981760π10
+81736004904460580036374006298400554152550400
√
3π11−1991149843318171818517305815241134645209551744π12−763094817486525779984776249604309279112991872√3π13
+3665688600395452658283818679073093240377865536π14+2076250465297094073190381210322975790916915200
√
3π15−334639061519883196854100662637622379849583125π16
−205705317537621467241886165786736713854921875√3π17
]
,
–
42
–
Zˆ(18,19)(6)=− 1
5073507426007963720146226979338381041386168358952501248000000π18
[
112169667425907909754827947020124160000+8761009682611327305521536546857025536000
√
3π
+635332157212957254490147188814503346176000π2−1335978507129723918851682512043214110720000√3π3−63975469393358265106212510128857407553536000π4
+63980320173702877942252093404352691070566400
√
3π5+2323326104095816088430370498810608085116518400π6−1557134878497265699955959034939273491709952000√3π7
−42141943716694674901775928843034754518482124800π8+23415863479297662752162691548313403601531781120√3π9+418918067236502871108979717071171320007370475520π10
−227597935466261852240500715081248018735154380800√3π11−2266737868395036103765629341742177918107413370880π12+1345357449740561434087113171243789155651838200832√3π13
+5963113721796320541990915258671906871421660762752π14−4177809446408033818696318710544584410314568640000√3π15−4976937991230192360734943699613720820024729305200π16
+4905747103798712053260254753001363348153771525000
√
3π17−2033421644433369114039111419321255669378175484375π18
]
,
Zˆ(19,20)(6)=− 1
197805907525198489521061097470444800041563931978840118657024000000π19
[
150731009346983096078813746873519570944000−13741022465134014916631041692255538642944000√3π
+1212371300578919477303064934414268977250304000π2+799266787251875790995461175224188516827136000
√
3π3−68282304589870523791644727874266879697643110400π4
+2675706080954580204096533668621981643597414400
√
3π5+1739598622719853666266534255255813331924048281600π6−667076322839036484948869902342131197617265049600√3π7
−28241976718243698252529841837165906982659188408320π8+12809034118276764577594461636592975258176319979520√3π9+329458061046271598906606273285659450534891584890880π10
−85031268046571243105039459934792110968191825684480√3π11−2602571628198068645085756800316002172912931851512832π12−118519781889886160154402538830539131859841308540928√3π13
+11679507931222724417959690597437582046450926254080128π14+3770457806715136548854832612771345317163076080849792
√
3π15−21623284602056709093448036211277283146884464073758728π16
−11609532246621221063550632589619964332437599404471200√3π17+2029168372762486258176852925611507246328865226208125π18+1145894148639381402666892230564021688810808531921875√3π19
]
,
Zˆ(20,21)(6)= 1
2848405068362858249103279803574405120598520620495297708661145600000000π20
[
74642925464838449547547304788720185507840000+8032644269746433088802891089045584294707200000
√
3π
+821914392151038888548315083775217513686630400000π2−1646627810094118339754333000594576617871769600000√3π3−112072122835845105598595776552412346796091768832000π4
+100078922572326373426385515564632193478405652480000
√
3π5+5537575176556884981245417353643513884947169935360000π6−3038395184049792755100522916786179694453964144640000√3π7
−140471558890294574386350627112552273024109506250342400π8+59237557362219389544947632545655820631827990544384000√3π9+2049262991400237693715056253843845599196260137771008000π10
−819186787947057841398031363162773098425313241403392000√3π11−17666867538774157240250172783244591468417805177490094080π12
+7768230814206640784225774649515404371869882999737958400
√
3π13+86889595320616483406745543398276844937549903089128140800π14
−45333491603535871102721096808975506192752031259363379200√3π15−214781285954871457582914152451483767401235871899570969376π16
+138900150552269068901280646293106327944880481639935881600
√
3π17+174055184316886248981890256621406019075124996641115060000π18
−161241149803358809890390659226153140332556916922691250000√3π19+65870864016187141559943692468582292090670138827658984375π20
]
,
–
43
–
Zˆ(1,3)(6)= 772−
1
2
√
3π
, Zˆ(2,4)(6)= 54+108
√
3π−65π2
5184π2
, Zˆ(3,5)(6)=−4212
√
3+3969π+8010
√
3π2−4583π3
1679616π3
, Zˆ(4,6)(6)= 1944+21600
√
3π−360π2−33024√3π3+17017π4
35831808π4
,
Zˆ(5,7)(6)=−94828320
√
3+117369000π+661802400
√
3π2−344725200π3−1082915916√3π4+594333475π5
5224277606400π5
,
Zˆ(6,8)(6)= 7873200+304780320
√
3π+154693800π2−1695427200√3π3−396367290π4+1897354716√3π5−914518625π6
41794220851200π6
,
Zˆ(7,9)(6)=−508378822560
√
3+758572584840π+7829183038320
√
3π2+1097913511800π3−39580063351668√3π4+7998307736517π5+61102529757546√3π6−32343075907625π7
5971725452102860800π7
,
Zˆ(8,10)(6)= 1
764380857869166182400π8
[
374984769600+40399417336320
√
3π+36931216049280π2−500894881966080√3π3−365736091175280π4+1829353921448256√3π5
+641781150699024π6−1813331818276224√3π7+839054170880975π8
]
,
Zˆ(9,11)(6)= 1
13373607489278931527270400π9
[
−3917340893088000√3+6730001653919040π+106813099769080320√3π2+195151699634814720π3−1093067403611480640√3π4
−1393374237131561328π5+4806535472237733696√3π6+225249339667869216π7−7180800897172940892√3π8+3687887513094183875π9
]
,
Zˆ(10,12)(6)= 1
534944299571157261090816000π10
[
546727794076800+142828556011142400
√
3π+176372211457512000π2−3171251958177945600√3π3−3459219039539776800π4+24059184583496569920√3π5
+21076122335055152400π6−73691721088732385280√3π7−31900423861637229402π8+68744639166219603180√3π9−30899352797215317625π10
]
,
Zˆ(11,13)(6)= 1
314579344805814738957065256960000π11
[
−249184525751800531200√3+479113179190351675200π+10626560651978376336000√3π2+55814843148794591400000π3
−182621146752160036240320√3π4−863282999197051079003280π5+1549450367229406203856800√3π6+3440470376638837660734000π7−6279315699721705626883788√3π8−1560037420137424782621177π9
+9188182264304984094662550
√
3π10−4599968240521538521223125π11
]
,
Zˆ(12,14)(6)= 1
20133078067572143293252176445440000π12
[
35723194064978112000+20574767841066073958400
√
3π+30820827346747879795200π2−721932436402072068096000√3π3
−992248303085584848072000π4+9271329452609638568394240√3π5+11872031790931249180763520π6−56803831889139009422668800√3π7−57575369358848103759307080π8
+159173921437790833538037216
√
3π9+79490830119527280447250488π10−143563966093917770471011200√3π11+63100250254956643590929375π12
]
,
Zˆ(13,15)(6)= 1
19843322808023645006975691122037227520000π13
[
−34907347797869988541900800√3+73693183644929154699993600π+2149737429734240208774912000√3π2+24838948775258544412425139200π3
−55738213089290281965751015680√3π4−645992614854581260207543842240π5+768698397238330587899341785600√3π6+5582474179276010303493566680320π7−5816270665660415851684740035232√3π8
−17637884672485021695464836647096π9+22365964892909712636179174887200√3π10+9328711450693810178999289937968π11
−32281884420313655284512321105300√3π12+15811161255105991372453098368125π13
]
,
–
44
–
Zˆ(14,16)(6)= 1
1111226077249324120390638702834084741120000π14
[
2934088821332912251008000+3471466366119761151158016000
√
3π+5979100640202388166192524800π2
−177514052745738454080323788800√3π3−285984225780228175715064950400π4+3415226130798575502906706809600√3π5+5622685581419961608175573631680π6
−34327073094708414904281870151680√3π7−52187593470056431682665384974960π8+189123976816027469499535245433440√3π9+218154420144737971927296937945272π10
−505688124606911960251521392502912√3π11−281681657336883025847215476645786π12+447296525946748740805375820288700√3π13−193055602699026128461096502430625π14
]
,
Zˆ(15,17)(6)= 1
567058667220330098635342930056233443393536000000π15
[
−1875571281287764093758396672000√3+4288363162915162174640596800000π
+157771603497621602127078760320000
√
3π2+3548618715386777350340651428800000π3−5754835690501444799002473199276800√3π4−138990686851706487306226329011400000π5
+116918755931077495558712117320752000
√
3π6+2024984536602142743849987695409480000π7−1398791982574491766134898885056836640√3π8−13394306269662689467865491966274031000π9
+9828187125855416763760085386671946800
√
3π10+36913920716620168252191261044923707000π11−36529125136359005195440425021097931724√3π12
−20531503844503774756475712806217635325π13+52250200075877305640284378871036133750√3π14−25106273358080443247860845512855921875π15
]
,
Zˆ(16,18)(6)= 1
145167018808404505250647790094395761508745216000000π16
[
499088508508728373896460800000+1148069990630487253328755531776000
√
3π
+2204123177433820377635667486720000π2−80832166137304211747295259361280000√3π3−146870981709838226042443135614720000π4+2137662704524708086942013328769638400√3π5
+4333507855909733053165002541062912000π6−31163561487184652028114399401822208000√3π7−65027653921400377692940744622821488000π8+278481843400147886441641453342855787520√3π9
+507010393853337987925351395288072940800π10−1461516543904680903342407393215495987200√3π11−1898383703828940279197072967138796980000π12
+3819576362919149697738269777021225146752
√
3π13+2325473090095435961117528605868105925600π14
−3341177451063568937491260972373242720000√3π15+1420183890747869311574490615653158765625π16
]
,
Zˆ(17,19)(6)= 1
81557153838862585521897938839673049147797202272256000000π17
[
−439112983195936701145758975879168000√3+1076278556792698817609766869586432000π
+48425065777444518067378103193378816000
√
3π2+1972020549826087010008799913627955200000π3−2365131596008101666098080900747089715200√3π4
−108694741517612648496548591058231413299200π5+66373891890813761809976250869194457702400√3π6+2377998408363926888156593340758416422400000π7
−1135620915824050752955993703324745803573760√3π8−26101912531467412821019263038647372999820160π9+12385805906155630070979951640823682035205120√3π10
+146630395568684606876738582176899688773312000π11−83256519394360944715825475953694806545127296√3π12−368288661331332026053921317506530276708167456π13
+303047900159493793427505427439460474181844352
√
3π14+208923915906694334043721043321380114609080000π15
−430978533650748595293988346116063042963822500√3π16+203609092101422112674799451473899775456453125π17
]
,
–
45
–
Zˆ(18,20)(6)= 1
652457230710900684175183510717384393182377618178048000000π18
[
2596258421262405001009389081600000+11107318095054118626882364305598464000
√
3π
+23303802373258992725678492029211136000π2−1032472987639798739422860608045285376000√3π3−2066679171508559795859901678104015360000π4
+35002927743249184121372554322430774681600
√
3π5+86747537184964597899307875350457221990400π6−671606849547530437668819265336557905510400√3π7
−1930754758262512055140873634541876915552000π8+8607725165427461940693864532763132320135680√3π9+23839410014500396295200031362549568318267520π10
−74059628907079159742149540945021561913118720√3π11−162616346042989972966619824807672192126200000π12+384490645501206647632780617040348429495701888√3π13
+558049059278343856685878677173614804972605792π14−997256308062756874082224554265091923222520832√3π15−654657249271827076492025979509844811361784750π16
+867271418676735667061337537804433499754022500
√
3π17−363809598566867914834683537318687584410296875π18
]
,
Zˆ(19,21)(6)= 1
2060478203387484265844386431983800000432957624779584569344000000π19
[
−15904898042990123714979080360811939840000√3+41458207856000494519885189421996775936000π
+2228077128735294863352982005596622824448000
√
3π2+156389029666944843181362566870072954534400000π3−140445105490805128670677239365856032074752000√3π4
−11568091795226820855199468075702123190060697600π5+5201496744352232030759451599541534650404147200√3π6+354300941005918706752011427143461053447183104000π7
−117886750475579382879817606973641348752374131200√3π8−5773112523840387992310360484317254287758208913280π9+1797986964256111297801334005303799888186871087360√3π10
+53078810858202617452122520867312702876287973430400π11−18732679458183045964589094996361098775876099382400√3π12−266391165039384616977490145534832173622056515400928π13
+123549800133198867990270624714551291727463854565056
√
3π14+625034140809457227883058274369425662988379365494560π15−444848450819261816977787586565824092069446662873012√3π16
−357338154197504213041080622569260681514491459495775π17+630506310122982604989122190086441370480914314406250√3π18−293394288653142371890408570666467619983024237109375π19
]
,
Zˆ(20,22)(6)= 1
131870605016798993014040731646963200027709287985893412438016000000π20
[
546603785972164689368511932172472320000+4192168056529723783790216058523083423744000
√
3π
+9482299572825339475444117827201467043840000π2−498108691352894211083449648358215562428416000√3π3−1081335323665801739438126236956879021076992000π4
+20276162513157527117918998975210781124786585600
√
3π5+62497517617213410112927515282728748416219136000π6−462067434529796376095127437790328449331799654400√3π7
−1959897567297279770591596595532500391588192998400π8+7575401392049154930324319106891476707211700244480√3π9+35201870642033135407771614064221957353311528780800π10
−96286971563338005690087005676610320839863334584320√3π11−372617594227615952559501314845689891287793942368640π12+855033703121758304385175728327046651001417496265728√3π13
+2281813231663965280857323099973323319891591826279680π14−4521100166132713416237220277120541818980188569413632√3π15−7288708796939658770952298573616982695487567305021112π16
+11761074955706242770234659317182460615849362412096800
√
3π17+8243510903418084641252252704534410307081605078045000π18
−10204293076060846374166557075101543051605762249920000√3π19+4231285988915442409270700563223067256625379469859375π20
]
,
–
46
–
Zˆ(1,4)(6)= 512π−
2
9
√
3
, Zˆ(2,5)(6)=− 1728+192
√
3π−281π2
31104π2
, Zˆ(3,6)(6)=−83592+10368
√
3π+127035π2−22840√3π3
10077696π3
,
Zˆ(4,7)(6)= 4455648+414720
√
3π−11109312π2−971904√3π3+1592539π4
5804752896π4
, Zˆ(5,8)(6)= 238295520−21461760
√
3π−1411557840π2+93070080√3π3+1737995139π4−302777720√3π5
3134566563840π5
,
Zˆ(6,9)(6)=− 76892820480+5576325120
√
3π−573013245600π2−1383091200√3π3+1090674751104π4+79621753536√3π5−148557967675π6
13541327555788800π6
,
Zˆ(7,10)(6)=−31425707738880+2113494405120
√
3π+429913865757600π2+7801923628800
√
3π3−1742440664795544π4+32206476790656√3π5+1964049821256195π6−332651386503800√3π7
71660705425234329600π7
,
Zˆ(8,11)(6)= 1
82553132649869947699200π8
[
2315467859604480+130161909104640
√
3π−34843187276513280π2+3014457537208320√3π3+177112509501098304π4−11881252279830528√3π5
−310252204178676864π6−19421735763949824√3π7+41007215197066475π8
]
,
Zˆ(9,12)(6)=− 1
80241644935673589163622400π9
[
−145843276422251520+7480839015014400√3π+3671605788162923520π2+351856049737973760√3π3−31386652836855414336π4
−3629211613868090880√3π5+106948701526929355296π6+2180932927606245888√3π7−115224671246959029591π8+19058564900547151000√3π9
]
,
Zˆ(10,13)(6)=− 1
577739843536849841978081280000π10
[
59424658405126963200+2607345528496128000
√
3π−1494646843349681280000π2+276712093111394304000√3π3+14241443740755440670720π4
−3145180931422213017600√3π5−63325975881575145816000π6+7942059992375119411200√3π7+107725328454640124507328π8+5879363304117906600000√3π9−13946884924872838124375π10
]
,
Zˆ(11,14)(6)= 1
7549904275339553734969566167040000π11
[
−43996418266722182553600+1750333991776351027200√3π+1794947928415916351616000π2+315585216449482484736000√3π3
−26519121593636888111132160π4−6791071204650309034106880√3π5+180384961146149907828964800π6+36985994723795947364620800√3π7−559735818006615235937698824π8
−29954344057179479732310912√3π9+588264631762732876297770975π10−95359518807271769754935000√3π11
]
,
Zˆ(12,15)(6)= 1
13046234587786748854027410336645120000π12
[
3888350787580134543360000+134424416727794633932800
√
3π−145906896136766039964057600π2+44000698719609952911360000√3π3
+2186295711339895922635545600π4−885133454804481258074603520√3π5−17675240499320755967078031360π6+6056394726785187025916928000√3π7+74493064178295232470870149280π8
−13122219995749934095847851008√3π9−125673879667279669106172105024π10−6046875111706034787686217600√3π11+16019905458889520591171759375π12
]
,
Zˆ(13,16)(6)=− 1
238119873696283740083708293464446730240000π13
[
−3608102942195863693175193600+112879582873953846696345600√3π+220052533396372639101890150400π2
+57827617497511962505858252800
√
3π3−5005777725306638239230403292160π4−2088006427359976403276063907840√3π5+56245971637991179160763170135040π6
+23616031401582363829127165460480
√
3π7−337585840274226906674842179016224π8−97993822616708448714474411277056√3π9+994123552057806633404778410526576π10
+82135186115141484988489908686592
√
3π11−1030590646305537582693111694626675π12+164172996736677957360032776075000√3π13
]
,
–
47
–
Zˆ(14,17)(6)=− 1
3360347657601956140061291437370272257146880000π14
[
2389057014651126852082021171200+65698433766906751948161024000
√
3π−123781064682186877429231217049600π2
+55046198799925296179864430182400
√
3π3+2601568429000132673475755992350720π4−1669968254800625566356738898329600√3π5−32540450556450080556412464001397760π6
+20081095016873762428751582007459840
√
3π7+247041181687428123019584262350455808π8−112038933045827512726470954756311040√3π9−1018899684818888046104189378086085664π10
+225297105676708301290659045256897536
√
3π11+1720832966823395628384922630399311360π12+73569901730947262474592714028180800
√
3π13−216674275307532485144334955022325625π14
]
,
Zˆ(15,18)(6)= 1
27218816026575844734496460642699205282889728000000π15
[
−898700383096439185117648945152000+22368420103478267720549007360000√3π
+77531309401121148711700384542720000π2+27892526887178816642101198356480000
√
3π3−2514585516783591144734581795723468800π4−1534388901202423550357496451252224000√3π5
+41581557778769108504531140550689152000π6+28888856344525009970811969977730048000
√
3π7−401636993683654539142726841461969194240π8
−239983696226888526294118453394719641600√3π9+2256740846813144661718725723167844040800π10+844010037209044375981979849638890451200√3π11
−6463981988123546979501753446214630152184π12−703163144799081000418299245890630185600√3π13
+6654334406359127352880965494490407266875π14−1043901176569132351962808253588525875000√3π15
]
,
Zˆ(16,19)(6)= 1
62712152125230746268279845320778968971777933312000000π16
[
90127565300227557177080441339904000+1989219180562744837319361036288000
√
3π
−6086879461747599524298861104332800000π2+3806151766381697481961667202908160000√3π3+163759850350427760782660390415325593600π4
−158654026975586065480121866421325004800√3π5−2865413537203518504566095432347648000000π6+2842199991676492247320779897442861056000√3π7
+33964951775142977349118882712190993070080π8−27502499397548699839371434246254034288640√3π9−251246273219944513504881609440166948864000π10
+138781542559564325556139299013421350502400
√
3π11+1026881021321101118405595247489748594683008π12−268452394166167533096672887170738280976384√3π13
−1743942369638653966665930861839919484396800π14−66621085645103713260100911501297756480000√3π15+217370492060820059041340470348100509421875π16
]
,
Zˆ(17,20)(6)=− 1
1957371692132702052525550532152153179547132854534144000000π17
[
−120889230958601642729079302038880256000+2417861827849522283898055481622528000√3π
+14177644320711654416353827568445816832000π2+6646979543701355919426306325767782400000
√
3π3−619756855153875209831179686368838362726400π4
−525243030733861472854812318548395740364800√3π5+13844946268419810027656083744161646898380800π6+14838581561193547881840059784280432312320000√3π7
−191215581312309114558205663398303363105822720π8−200941199475875574644835787362865219121725440√3π9+1719852396699294761246503154056922291135907840π10
+1375660362580908279421469688224562968506368000
√
3π11−9416863288002561362472259570534833666206708352π12−4313105597616062970317147796981468155934956544√3π13
+26662903847476393636552341568283318328033812544π14+3538067167007835312886011607310986492528358400
√
3π15
−27373374398914281806076421955274149565839184375π16+4235931041565321332788848816966816968971375000√3π17
]
,
–
48
–
Zˆ(18,21)(6)=− 1
5073507426007963720146226979338381041386168358952501248000000π18
[
12762704492165762167566045678674116608000+227940214368036116111307200230588416000
√
3π
−1073019104874844780079224731004898770944000π2+920129921200905040115941751618764013568000√3π3+33733217566169149972247827330549202760499200π4
−49295388650125071812886895378229386385817600√3π5−768061093550480111115970561472885905873305600π6+1188404345252945117937749465012554208850739200√3π7
+13312804959484884601524704234134056446640783360π8−16953234735035511015931927281485577730643066880√3π9−154752665920866216680530674067573428782116116480π10
+148356030943006803493298579170267543543041884160
√
3π11+1120045834395682981662352660022192105893173866496π12−714013156682187907777183011448198829100614197248√3π13
−4551258049671777965384602224773009232539020844928π14+1355530290169841776773920299880833498153682989056√3π15+7788219021062834643491455989237338074218002184000π16
+266923009461650175343998565765421267155971240000
√
3π17−962464176228450056617521658966970102792458046875π18
]
,
Zˆ(19,22)(6)= 1
197805907525198489521061097470444800041563931978840118657024000000π19
[
−19981123334801427324621351891364947689472000+323945999526022043371943110994118574080000√3π
+3092789475541536089368801097017661745659904000π2+1829476491182639556134215736606934602612736000
√
3π3−174308434231860166101259653296438625327041740800π4
−199454803294979645458629275540414993780441088000√3π5+4870014401509569712787679918374600266658404761600π6+7935266692884137206096483026916400718816765542400√3π7
−86749663392106079559474492695577178206656175882240π8−158433738645555744645008864656886251928909768294400√3π9+1114316067886446441725313566133112578033589992314880π10
+1738334342409463058996459850762830181123435687198720
√
3π11−9985684385001231296853671212270544596443376549653504π12−10387869124326065679191717460222243658668751539978240√3π13
+54972723791046308381814328130595618554038458142739328π14+29890762330352061454223597628253936614966067204764672
√
3π15−155630454510719902872838531346205403899500458775297928π16
−24098057729919583688588685887945453548598105132822400√3π17+159800550025924262455294478582679302562583478394931875π18−24426064582146572034331657158127984482336945966875000√3π19
]
,
Zˆ(20,23)(6)= 1
2848405068362858249103279803574405120598520620495297708661145600000000π20
[
11042399320250999977738360524623065110282240000+160779743303448635817401329998420875673600000
√
3π
−1111240919339964695807122138390885519746662400000π2+1290387344237375919029063587879685567859916800000√3π3+36227247672942025578005936404767379915852873728000π4
−84145049993118302211708791398228708747389173760000√3π5−1016872663423927222797985605774115756901148917760000π6+2514841616520920355571454957180936883845380177920000√3π7
+26230586759198915239786619932679505826191812213145600π8−47382596771754379856743909009782451680354056798208000√3π9−456589355576035555873016927702192668810195028164608000π10
+616213562433320523399391392342128599848688909910016000
√
3π11+5033980445032586108846443861682103764245441310034462720π12−5234927919419561245190940585371633939033356902993100800√3π13
−35129675227123350335845131292774314691392777548145868800π14+24850467532183735592099483897155331294239998303605145600√3π15+141704781206899451941039918909424668261482696598254880224π16
−46891482293862283956508791767367882552728431680105139200√3π17−244534768579791078543821544134733211770818618315903640000π18
−7540069315966367353932952193293700525820039335970000000√3π19+29996619925240338939317620477337462628372360432030859375π20
]
.
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